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On Constraints Imposed by Independent Gonal Morphisms for a Curve
Feiqi Jiang
In this thesis, we explore the restrictions imposed on the genus of a smooth curve X which
possesses at least three independent gonal morphisms to P1. We will prove a sharp lower bound
on the dimension of global sections given by the sum of the divisors for the gonal morphisms. This
inequality will provide an upper bound on the genus of a curve with the described properties. By
considering the birational image of X in P1×P1×P1 under the product of three pairwise independent
morphisms, we observe that the boundary case for the previously mentioned inequality is closely
related to the case where the image of X is contained in a type 1-1-1 surface. Motivated by
this phenomenon, we examine the constraints on the arithmetic genus of an irreducible curve in
P1 × P1 × P1 whose natural projections are pairwise independent and all have degree 7.
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The gonality of a curve C is the lowest possible integer d for which there exists a degree d
rational map to P1. It is an important invariant in the study of curves. In studying gonality growth
in a tower of curves, one often needs to consider the case where a curve possesses many pairwise
independent (as in Definition 3.0.1) gonal morphisms - as we shall see in Chapter 2 of the thesis.
One essential ingredient in bounding gonality growth is the following inequality (also stated in [9,
2.1]):
Lemma. Let B1, B2, and C be smooth curves over an algebraically closed field k. Let ϕi : C → Bi
be a non-constant k-morphism and let di = degϕi. Let gB1 , gB2 , and gC be the genus of B1, B2,
and C respectively. If (ϕ1, ϕ2) : C → B1 ×B2 maps C birationally to its image, then the genus gC
of C satisfies
gC ≤ (d1 − 1)(d2 − 1) + d1gB1 + d2gB2 .
In the case where B1 = B2 = P1, we have a genus bound of (d − 1)2 for C. In this thesis, we will
study whether improved bounds could exist when C admits more than two independent morphisms
to P1.
1
Let D1, D2, ..., Dn be divisors on a smooth curve X such that each H
0(Di) contains a base-point
free linear system Vi of dimension 2. In addition for any two distinct divisors Di, Dj , the map
given by the product of the two linear systems maps X birationally to its image in P1 × P1. We
will prove the inequality
h0(
∑
Di) ≥ 1 + n(n+ 1)
2
for n < min(degDi). We will apply this bound to the case where the aforementioned divisors are
gonal divisors for Xj, and we will show that a d-gonal smooth curve X that contains more than
d− 1 independent gonal morphisms (defined in Definition 3.0.1) must have its genus gX satisfy
gX ≤ d(d− 1)
2
. (1.1)
The inequality given in (1.1) is in fact a special case the following inequality, which was attributed
to Accola by Coppens in [2, 3.1]:
Theorem. Let C be a smooth k-gonal curve of genus g and assume C possesses m mutually
independent linear systems g1k. Write k = s(m − 1) + q for some integers q and s satisfying
−m+ 3 ≤ q ≤ 1. Then
g ≤ g(m; k) := 1
2
(
s2(m2 −m) + (2ms+ q − 2)(q − 1)) .
Therefore we will have provided an alternative proof for the result above in the case where m = p−1.
In fact, g(m; k) minimizes at m = k, which gives g(m; k) = k(k−1)2 . We will also show in Corollary
3.1.3 that a better bound exists under additional assumptions. For example, if d > 3, and X is a
d-gonal curve with at least d− 1 independent gonal divisors, then the genus of X g satisfies
g ≤ d(d− 1)
2
+ 2− d
provided the divisors satisfy some additional conditions stated in 3.1.3.
2
In [3] Coppens extensively studied smooth k-gonal curves with genus ≥ k(k−1)2 . In particular
Coppens constructed smooth 7-gonal curves X with three or more independent gonal morphisms,
whose genera g fall in the range of 21 ≤ g ≤ 27. These curves admit plane-models in which the
gonal morphisms are realized as projections from a source point to a line. More specifically these
plane models are formed by taking the product of two independent gonal morphisms f1, f2, so that
it forms a map f1 × f2 : X → P1 × P1 that is birational to the image of X. As P1 × P1 can be
embedded into P3 as a quadric, we can project birationally from a source point in P1 × P1 to a
projective plane. By taking the compositions of these maps we obtain a plane model for X. One
question that arises is:
Question. Does every d-gonal curve which possesses three independent gonal morphisms f1, f2,
and f3 have the property that f1 × f2 : X → P1 × P1 induces a plane-model for X, in which f1, f2,
f3 are all realized as projections in the plane?
In fact, one way to study smooth curves with at least three independent gonal morphisms
f1, f2, f3 is to take the product f1 × f2 × f3 : X → P1 × P1 × P1 and study its birational image. In
Chapter 4 of this thesis, we will examine the following question:
Question. If X ↪→ P1×P1×P1 is a type 7-7-7 curve (potentially singular), what arithmetic genera
are attainable?
Note that if X is contained in some “low-degree” surface in P1 × P1 × P1, then prij will map X
birationally to its image in P1 × P1 for distinct i, j, as prij cannot map X 7-to-1 to its image. In
this scenario, the projections pri : X → P1 are natural independent morphisms to P1. Below is a
list of results shown in Chapter 4:
1. If pa(X) ≥ 21, then X is contained in a type 1-1-1 surface in P1 × P1 × P1.
2. If pa(X) = 19, then X is not contained in any type 2-2-2 surface of P1 × P1 × P1
3. There exists a type 7-7-7 smooth curve X of P1 × P1 × P1 with genus 17, and on a smooth
K3 surface of type 2-2-2. Furthermore X is 7-gonal, and the projections pri : X → P1 are
independent gonal morphisms.
3
The smooth 7-gonal curves considered by Coppens in [3] are normalizations of curves X ↪→
P1 × P1 × P1 with pa(X) ≥ 21, which by our result means that they are contained in a type
1-1-1 surface inside P1 × P1 × P1. Being contained in a type 1-1-1 surface is in fact necessary to
admitting a plane model induced by pr12 : X → P1 × P1 that realizes pr3 as a projection. As a re-
sult, the genus 17 curve, which is constructed on a type 2-2-2 smooth surface, will not be contained
in any type 1-1-1 surfaces of P1 × P1 × P1. Consequently it is an example of a curve that does
not admit a plane model induced by pr12 in which the gonal morphism pr3 is visible as a projection.
We conclude the thesis with a remark that under a weaker notion of “visibility”, we can recover
the third gonal morphism f3 : X → P1 from the model given by the product of the first two gonal




2.1 Definitions and Background
Let k be an algebraically closed field of characteristic 0. We define a curve to be an integral
projective scheme of dimension one over k. For a smooth curve C, we will define the gonality of C.
Definition 2.0.1. The gonality of C is defined to be the minimal integer n for which there exists
a dominant morphism f : C → P1 of degree n.
We will also define the gonality of a singular curve to the gonality of its normalization.
Definition 2.0.2. If f : C → P1 is a dominant morphism whose degree is the gonality of C, then
we say f is a gonal morphism of C.
It is known that the gonality of a smooth curve X with genus gX is at most [
gX+3
2 ], but for
a given genus the gonality could be much lower than the previously stated bound. For example,
one could construct a hyperelliptic curve, which has gonality two, for an arbitrarily large genus.
Abramovich in [1] and Poonen in [7] have examined gonality of modular curves. The question of
gonality growth in a tower of curves Xn+1 → Xn → Xn−1 → ... naturally occurs in these studies,
in which Xn+1 → Xn is a Galois (which we will define in the next section) and etale covering of
curves.
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2.2 Tamagawa’s Techniques for Bounding Gonality in a Tower
of Curves
Definition 2.0.3. We say that pi : Y → X is a Galois covering of smooth curves if the function
field extension K(X) → K(Y ) induced by pi is a Galois extension of fields. We will denote the
Galois group by Gal(Y/X).
Consider a Galois covering pi : Y → X. One question which is essential to studying gonality
growth in a tower of curves is the following:
Question. If X and Y are smooth curves over k, and f : X −→ Y a finite and Galois morphism
of degree n, what is the relationship between the gonality of X and n?
In [9] Tamagawa found a method to produce an upper bound for the gonality X in terms of Y .
Under suitable assumptions on Y (for example, if Y does not map to an elliptic curve E), we can
obtain that the gonality of X is at least
√
n
2 . Krishnamoorthy in [10] used similar techniques to
produce a lower bound for gonality growth of Galois unramified covers for a curve X that does not





into “equivariant” and “primitive” diagrams. We will define these terms below.




























Remark. In general a diagram of the form given in Definition 2.0.5 is neither equivariant nor
primitive. However, one could factor a diagram into a maximal equivariant part followed by a
primitive part. See [9, Thm 2.7] for details.
Tamagawa in [9, Thm 2.4] was able to prove the following bound











where gY is the genus of Y , and gB is the genus of B.
In the case where the genus of X (denoted by gX) is at least 2, we can obtain a bound for the
degree of f by applying the Riemann-Hurwitz Theorem, which would give
deg f ≥
√








where N is the size of G.
If G ⊂ Autk(Y ) is a finite subgroup of automorphisms, then we can define Y/G to be the smooth
curve that corresponds to the fix field of G in k(Y ). In particular
K(Y/G) = {x ∈ K(Y )|gx = x∀g ∈ G}.
The bound shown in Theorem 2.1 can be used to bound the gonality of Y given that Y possesses





, where f : Y → P1 is a gonal morphism.
2.3 Primitive Diagrams Containing a Prime Degree Mor-
phism
In order to better understand primitive diagrams, let us a consider a case where “primitivity” is
easily attained. Let f : Y → P1 be a dominant morphism of degree p, where p is a prime number.
In this case, there cannot be any interesting factorizations Y → B′ → P1, as the degree of Y → B′
divides p.





is a primitive diagram if and only for some σ ∈ G, the morphism given by f × f ◦ σ : Y → P1 × P1
is birational to its image.
Proof. If the diagram in the claim is a primitive diagram, then it is in particular not equivariant.







Fix such a σ. However, let C be the normalization of the image of f × f ◦ σ : Y → P1 × P1. As the
morphism f : Y → P1 has prime degree, then pri : C → P1 has degree 1 or p for each projection
pri. If degree of pri : C → P1 is 1, then C is a type (1, 1) curve of P1, and we can produce a σP1
which makes the diagram above commute.
Remark. Consequently, the genus bound given in Theorem 2.1 is equivalent to the fact gY ≤ (p−1)2.
This fact can be proven easily via the fact that if Y → C is a birational morphism, then gY ≤ pa(C),
and since C is a type (p, p) curve of P1 × P1, its arithmetic genus is (p− 1)2.
Note that the bound (p − 1)2 for gY is sharp. In fact, let Y be a smooth type (p, p)-curve on
P1 × P1, and its genus is exactly (p− 1)2. However, while the bound deg f ≥ √gY + 1 is sharp, it
is only obtained by using two different independent gonal morphisms of Y that map Y birationally





we expect that there are many elements σ ∈ G such that f ×f ◦σ maps Y birationally to its image.
This example provides the motivation for us to study the constraints placed on the genus of Y by
the property of having many gonal morphisms.
2.4 Applications of Our Results to Primitive Diagrams
Using the results which were discussed in the previous Chapter and proven in Chapter 3, we can
obtain the following results on primitive diagrams.






where G ⊂ Autk(X) is a cyclic group of prime order q ≥ p and p = deg f is prime.
Proof. If such a diagram exists, then let σ ∈ G be a generator. By primitivity, f × f ◦ σn : X →
P1 × P1 will map X birationally to its image. The set of group elements σn for which there exists






is a subgroup of G, which consequently must be the trivial group. Therefore, f ×σn : X → P1×P1
is birational to its image for any n that is not a multiple of q. There are q − 1 (which is ≥ p − 1)
independent morphisms of degree p We apply Corollary 3.1.1 to obtain that
g ≤ p(p− 1)
2
+ 1,
which is a contradiction of the hypothesis.
Using the bound obtained in Corollary 3.1.3, we can gain additional insight into primitive
diagrams of the form given in Corollary 2.1.1, where the curve X has genus g in the range of
p(p−1)
2 + 2− p < g ≤ p(p−1)2 + 1.
Corollary 2.1.2. Let X be a curve whose genus g satisfies g > p(p−1)2 + 2− p, and assume that X





where G ⊂ Autk(X) is a cyclic group of prime order q ≥ p( p = deg f is a prime number). If




P1 × P1 P3
f◦σ,f◦σ2
Segre
is contained in a hyperplane of P3.
Proof. Assume that the image of a general fiber f−1(t) under the composition described in the
statement above is not contained in any hyperplane of P3, then the image of a general fiber of
(f ◦ σi) under the composition in
(f ◦ σi)−1(t) X
P1 × P1 P3
f◦σi+1,f◦σi+2
Segre
is also not contained in any hyperplane of P3, since f ◦ σi+j((f ◦ σi)−1(t)) = f ◦ σj(f−1(t)). Let
fi := f ◦ σi. The divisors corresponding to morphisms f1, f2, ..., fp−1 satisfy the conditions given
in the statement of Corollary 3.1.3. Hence we conclude that g ≤ p(p−1)2 + 2− p, which contradicts
our initial hypothesis on the genus g.
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Chapter 3
Bounding the Genus of a Curve





Motivated by our pursuit of primitive diagrams, we will illustrate a technique for bounding the genus
of a curve X with independent gonal morphisms f1, f2, ..., fn. Independence for gonal morphisms
can be defined by the condition that f × g : X → P1 × P1 maps X birationally to its image. We
will generalize the definition of “independence” to non-gonal divisors as well.
Definition 3.0.1. If D and E are two effective divisors with s0, s1 ∈ H0(D), t0, t1 ∈ H0(D) both
linear independent and base-point free, then we say the triplets of the form (D, s0, s1) and (E, t0,
t1) are independent if the morphism f : X → P1 given by [s0, s1] and g : X → P1 given by [t0, t1]
satisfy the condition that f × g : X → P1 × P1 maps X birationally to its image.
The genus bound will be achieved by proving the following proposition
Theorem 3.1. Let Di be divisors for a smooth curve X with genus of X not zero. The divisors
Di each contain two independent global sections without common zeros (ie they form a morphism
X → P1), and are pairwise independent (according to the Definition 3.0.1). If di = degree of each
12




Di) ≥ 1 + n(n+ 1)
2
.
Remark. The author would like to thank Prof. Starr for verifying this proposition with an alternate
proof.
Before proving this bound, we will first make the definition below:
Definition 3.1.1. Let p1, p2, ..., pm be m distinct closed points in Pn. We define the minimal span
of p1, p2, ..., pm to be the minimal linear subvariety which contains all of p1, p2, ..., pm. We define
the rank of p1, ..., pm to be the dimension of the minimal span.
Next, we will prove the following lemma about a divisor D on X.
Lemma 3.1.1. Let D be a divisor on a curve X, and let s0, s1, ..., sN ∈ H0(OX(D)) be a list of
non-zero global sections (we do not assume that they are linearly independent) with the following
properties:
1. The sections si form a base-point free linear system, and they define a morphism ϕ : X → PN .
2. ϕ : X → PN maps X birationally to its image.
Let E =
∑
ei be an effective divisor (ei is a point on X) such that ϕ(ei) are pairwise distinct in
PN . If the rank of {ϕ(ei)} is at least n, then
h0(D)− h0(D − E) > n.
Proof. Let V ⊂ H0(D) be the k−subspace generated by s0, s1, ..., sN , and let m := H0(D)−dimV .
Pick t1, t2, ..., tm ∈ H0(D) so that s0, s1, ..., sN , t1, t2, ..., tm generate H0(D) (that is, they form a







aisi induces a morphism pr : PN+m − L → PN , where
13







Let W be the minimal span of ψ(ei) in PN+m. Note that W ∩L 6= W , so dimW = dim(W −W ∩L)
(since W −W ∩L is an open dense subscheme of W , they have the same Zariski dimension). Hence
dimW ≥ dim pr(W ) ≥ rank(ϕ(ei)) ≥ n.
Therefore, we reduce to the case where s0, s1, ..., sN generate H
0(D) (as the conclusion does not
depend on the choice of s0, ..., sN that satisfies the hypothesis).
Note the list s0, s1, ..., sN contains a basis because s0, s1, ..., sN generate H
0(D). By reordering
assume this basis is the first h0(D) sections s0, s1, ..., sh0(D)−1. The linear relations given by st (





where ϕ′ is given by the base-point free linear system s0, s1, ..., sh0(D)−1. Consequently the rank of
{ϕ′(ei)} and the rank of {ϕ(ei)} agree. We can further reduce to the assumption that N = h0(D)−1
and s0, ..., sN is a basis of H
0(OX(D)).
Let N = h0(D)− 1 and s0, ..., sN be a basis of H0(OX(D)). We can identify H0(D−E) = {s ∈
H0(D)|Z(s) contains E}, and therefore we can find h0(D−E) linearly independent hyperplanes of
Ph0(D)−1 H1, H2,..., Hh0(D−E) all containing E. Let L := H1 ∩H2 ∩ ... ∩Hh0(D−E), and
dimL = h0(D)− 1− h0(D − E).
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Therefore we have
h0(D)− 1− h0(D − E) = dimL
≥ rank{ϕ(ei)}
≥ n.
Consequently h0(D)− h0(D − E) ≥ n+ 1 > n.
To prove Theorem 3.1, let us define the divisors Di as stated, and let si, ti be sections of H
0(Di)
that give the dominant morphism to P1. Let fi : X −→ P1 be the morphism given by [si : ti]. We
define Vi to be the vector space generated by si and ti.
Definition 3.1.2. Let Vi ⊂ H0(Di) be the two-dimensional subspace generated by si and ti.
We will choose bases s′i, t
′
i for each Vi such that the morphisms f
′
i : X → P1 given by [s′i : t′i]
will satisfy some general position conditions.
Claim 3.1.1. Given a basis [s′i, t
′
i] of Vi, we will define the morphism f
′
i to be the morphism
fi : X → P1given by new basis [s′i, t′i], and we will define D′i := Z(s′i). There exists a change of
basis [s′i, t
′
i] for each i so that the following conditions hold
1. The divisor
∑
D′i is supported on exactly
∑
di points,
2. For i 6= j, f ′i(D′j) is supported on exactly dj points (f ′i separates D′j entirely).
Proof. Let T := {x ∈ X|fi ramifies at x for some i}. T is therefore a finite set. Denote
prij : Π
n
i=1P1 → P1 × P1
to be the projection the ij-component for i 6= j. Let ∆ ↪→ P1 × P1 be the diagonal. Let
Φ : X → Πni=1P1
15
be the morphism given by f1 × f2...× fn. Let Fij denote the morphism fi × fj : X → P1 × P1. As
Fij maps X birationally to its image, let
T ′ := {x ∈ X|F−1ij (Fij(x)) has size > 1 for some i, j}.
We observe that T ′ is also a finite set.
Let
S := {x ∈ X|Φ(x) ∈ pr−1ij (∆) for some i, j}.
We will show that S is finite. If S is infinite, then for some i 6= j, pr−1ij (∆) intersects the image of X
under Φ at infinitely many points. But then that would imply that the image of X under fi× fj is
contained in the diagonal of P1×P1. However fi× fj is assumed to be birational to its image, and
therefore we have a contradiction since X is also non-rational. Therefore S is finite. Furthermore
n⋃
i=1
(fi(S) ∪ fi(T ) ∪ fi(T ′))
is a finite subset of P1.
Let t ∈ P1−⋃ni=1(fi(S)∪fi(T )∪fi(T ′)), and let D′j be the fiber f−1j (t). Then define s′j ∈ span(sj , tj)
to be the global section that satisfies Z(s′j) = D
′
j . Pick any t
′
j ∈ span(sj , tj) such that t′j is linearly




j ] pairs satisfy the conditions stated in the claim.




i is supported on exactly
∑
i di closed points of X. Each divisor D
′
i
is supported on di points because fi(D
′
i) is not in the ramification locus of fi, and therefore
f ′i(D
′
i) is not in the ramification locus of f
′
i . Now we need to check that there is no overlap
between D′i and D
′




j overlap at p, then fi(p) = fj(p) = t,
which means p ∈ S. Our choice of t guarantees that this situation does not happen. Therefore∑
iD
′




2. Assume for two different points p, q ∈ D′i, we have f ′j(p) = f ′j(q). We then conclude that
fj(p) = fj(q) (since fj can be described as f
′
j post-composed with an automorphism of P1),
so p ∈ T ′, f−1i (t) ∩ T ′ 6= ∅. Our choice of t guarantees that this situation does not happen.
Therefore f ′i(D
′
j) is supported on exactly dj points for i 6= j.
Therefore we will assume that the divisors D1, D2, ..., Dn and the linear systems [si, ti] ∈ H0(Di)
are all chosen to satisfy Di = Z(si) as well as the two conditions given in Claim 3.1.1.
Next we introduce our way of assigning coordinates to the composition of f1 × f2 × ... × fn :
X →∏ni=1 P1 and Segre product Ψn : ∏ni=1 P1 ↪→ P2n−1.














We can identify the affine cone of P2n−1 with points in
⊗n
i=1 Vi, where the affine cone of the
image of the Segre morphism Ψn :
∏n
i=1 P1 → P2
n−1 is identified with the “pure tensors” in
⊗n
i=1 Vi.
We will prove Theorem 3.1 by an inductive argument, in which we will obtain lower bounds for
h0(D1 + D2 + ... + Dm) − h0(D2 + D3 + ... + Dm). The following lemma describes a geometric
condition which produces these lower bounds.
















Proof. Let Φ2,3,...,m denote the composition of morphisms Ψm−1 ◦ (f2 × f3... × fm). If we write
D1 =
∑
j Pj , where Pj ’s are distinct closed points, then the rank of the points Φ2,3,...,m(Pj) in
P2m−1−1 is at least `− 1. To prove Lemma 3.1.2, it suffices to prove that the rank of Φ1,2,3,...,m(Pj)
in P2m−1 is at least `− 1 as well, because in this case Lemma 3.1.1 implies that








Therefore let T be the minimal linear space of P2m−1 which contains all of Φ1,2,3,...,m(Pj), so
dimT is the rank of Φ1,2,3,...,m(Pj). Let W be the affine cone of T in the affine cone of P2
m−1,
which we can identify with the affine space
⊗m
i=1 Vi. Note that as f1(Pj) = [0 : 1] ∈ P1, we see that









and therefore W ⊂ s1 ⊗
⊗m
i=2 Vi.







i=2 Vi)∩ker(pr) = 0, we see that pr : W → pr(W ) is a linear isomorphism. Note that
P(pr(W )) ⊂ P2m−1−1 is a linear subspace which contains the image of Φ2,3,...,m(Pj), and therefore
dimP(pr(W )) ≥ `− 1.
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We conclude
dimT = dimW − 1
= dim pr(W )− 1
= dimP(pr(W ))
≥ `− 1
The geometric condition stated in Lemma 3.1.2 will also be proven via an induction on n. The
key Lemma which sets up the induction is the following observation:
















has rank at least `.
Before we proceed to prove Lemma 3.1.3, we will state a technical linear algebra claim.
Claim 3.1.2. Let V be an m-dimensional vector space over k. Let pr1 : V ⊕ V → V be the first
projection map. Let V ′ ⊂ V ⊕ V be a subspace with the property that pr1|V ′ : V ′ → pr1(V ′) is an
isomorphism.
There exists a linear map ψ : V → V such that (IdV ×ψ)(v1, v1) = (v1, v2) for each (v1, v2) ∈ V ′,
where v1, v2 ∈ V .
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Proof. Since pr1 : V
′ → pr1(V ′) is an isomorphism, there exists a linear map τ : pr1(V ′)→ V ′ such
that τ is the inverse of pr1
∣∣
V ′ . We can define ψ : pr1(V
′)→ V by
ψ(v) := pr2(τ(v)),
and take ψ˜ : V → V to be any linear extension of ψ - the important condition that ψ˜ needs to
satisfy is ψ˜|pr1(V ′) = ψ. We verify that ψ˜ has all the required properties to be the map. More
specifically, for any v′ = (v1, v2) ∈ V ′, where v1, v2 ∈ V , we have
(IdV × ψ˜)(v1, v1) = (v1, ψ˜(v1))





Now we will prove Lemma 3.1.3.
Proof. Assume, for the sake of contradiction, there exists a linear subspace T of dimension ` − 1
of P2m−1 which contains all of {Φ2,3,...,m+1(Pj)}. Let W ⊂
⊗m+1
i=2 Vi be affine cone of T . Let
A :=
⊗m
i=2 Vi. We can map
⊗m+1
i=2 Vi isomorphically to A⊕A by defining




(a1, a2) 7→ a1 ⊗ sm+1 + a2 ⊗ tm+1
We will now show that pr1 : A⊕A→ A maps β−1(W ) isomorphically to its image in A. Since T con-
tains Φ2,3,...,m+1(Pj), pr1(β
−1(W )) ⊂ A = ⊗mi=2 Vi contains all of the lines given by Φ2,3,...,m(Pj).
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Therefore
dimP(pr1(β−1(W ))) = dim pr1(β−1(W ))− 1








On the other hand, dimP(pr1(β−1(W ))) ≥ ` − 1 since P(pr1(β−1(W ))) contains Φ2,3...,m(Pj).
Therefore
dim pr1(β
−1(W )) = dimβ−1(W ) = ` (3.1)
and pr1 maps β
−1(W ) isomorphically to its image. In addition, we can also conclude that pr1(β−1(W ))
is the affine cone of the minimal linear subspace of P2m−1−1 which contains Φ2,3,...,m(Pj) for every
j, as no linear subspace of lower dimension could achieve that. From Lemma 3.1.2, we get a linear
map ψ : A→ A such that
(IdA × ψ)(w1, w1) = (w1, w2)
for every pair (w1, w2) ∈ β−1(W ), where w1, w2 ∈ A (Note: (w1, w2) ∈ β−1(W ) is another way of
saying that w1 ⊗ sm+1 + w2 ⊗ tm+1 ∈W ).
Recall that fm+1 : X → P1 is the morphism given by the linear system sm+1, tm+1. Because
s1 ∈ H0(D1) vanishes at exactly D1 =
∑
Pj , the way we chose the Di’s implies that Dm+1 =
Z(sm+1) does not contain any of Pj ’s. Consequently, for each j, there is a unique λj ∈ k with the
property that
Pj ∈ Z(sm+1 + λjtm+1).
(fm+1(Pj) = [1 : λj ] ∈ P1).
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We will claim that each λj is an eigenvalue of ψ : A → A. For any v ∈ pr1(β−1(W )), ψ(v)
is uniquely determined. In particular if v is on the line corresponding to Φ2,3,...,m(Pj) for some j,
then v⊗ sm+1 +v⊗λjtm+1 is the unique point in W that gets mapped to v under pr1 ◦β−1. Hence
ψ(v) = λjv for any v contained in the line corresponding to Φ2,3,...,m(Pj) in A. Now pr1(β
−1(W ))
is also the smallest linear subspace that contains all such lines, so pr1(β
−1(W )), as a vector space,
is generated by
{v ∈ A|v ∈ the line that corresponds to Φ2,3,...,m(Pj)}.
Moreover, from our assumptions on the divisors Di that were stated in Claim 3.1.1, we know that
λj ’s are pairwise distinct, because fm+1 is picked to separate the Pj ’s. Consequently we conclude
that the linear map
ψ|pr1(β−1(W )) : pr1(β−1(W ))→ A
is an endomorphism of pr1(β
−1(W )). Moreover ψ|pr1(β−1(W )) has d1 distinct eigenvalues, so we
conclude that
dim pr1(β
−1(W )) ≥ d1.
Therefore,
dimW = dim pr1(β
−1(W ))
≥ d1
> ` (by hypothesis).
This is a direct contradiction of (3.1).
Now we will finally verify the geometric condition that will help us prove Theorem 3.1.








is not contained in any linear subspace W of P2m−1−1 with dimW = m− 2.






Pj is not contained in a single point in P1 under f2 (because of we chose the divisors
Di according to Claim 3.1.1). Therefore the result is true for the base case m = 2.
Note that m ≤ n < min(d1, d2, ..di) ≤ d1. If the inductive hypothesis holds for m − 1, that is,







is not contained in m − 3 dimensional linear subspace of P2m−2−1. We apply Lemma 3.1.3 in this







is not contained in any m− 2-dimensional linear subspace of P2m−1−1.
Now we will state the proof of Theorem 3.1.
Proof. Let D1, D2, ..., Dn be divisors that satisfy the hypotheses stated in Theorem 3.1. We further
assume that they satisfy the “general position” conditions stated in Claim 3.1.1. We prove the
claim by induction. Base case n = 1 is clear since H0(D1) ≥ 2.
Assume that
h0(D2 +D3 + ...+Dn) ≥ 1 + n(n− 1)
2
.








is not contained in any linear subspace W of P2n−1−1 with dimW = n− 2.



























Corollary 3.1.1. Let X be a smooth non-hyperelliptic curve of genus g, and let d > 2 be an integer.
If X has at least d− 1 pairwise independent morphisms of degree d, then
g ≤ 1 + d(d− 1)
2
.
Proof. Let D1, D2, D3, ..., Dd−1 be divisors of degree d that correspond to pairwise independent
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Di) ≥ 1 + (d− 1)d
2
.
However, the degree of the divisor
∑d−1















iDi = K, where K is in the canonical divisor class of X.




We immediately eliminate possibility 1, 3. Possibility 2 does not contradict the conclusion, as
2g − 2 = d(d− 1) implies




We focus on possiblility 4: h1(
∑











Di) + d(d− 1) + 1− g
= 1 + d(d− 1)− g.
Therefore
g ≤ d(d− 1)
2




Remark. We can use this fact to prove certain primitive diagrams cannot exist, as in Corollary
2.1.1.
3.3 Sharp Bound and Special Cases




Pick any two distinct points P,Q ∈ X ↪→ P2, and let f1, f2 : X → P1 be the morphisms (in
fact, gonal morphisms) given by projections to a projective line in P2 from source points P and Q
respectively. We see that f1 × f2 : X → P1 × P1 maps X birationally to its image. In fact, the
product of the projections from P and Q define a birational map
P2 P1 × P1,
which is an isomorphism away from the line through P and Q. Hence its restriction will map X
birationally to its image.
Therefore a smooth plane curve of degree d+ 1 has infinitely many independent morphisms to
P1 of degree d. Pick any set of d− 1 distinct points as sources for projections f1, f2, ..., fd−1, and
let Di’s the corresponding divisors on X. If we apply Theorem 3.1, we get that
h0(D1 +D2 + ...+Dd−1) ≥ 1 + d(d− 1)
2
.
But in fact h1(D1 + D2 + ... + Dd−1) = 0 since deg(D1 + D2 + ... + Dd−1) = d(d − 1), which is
bigger than the degree of the canonical divisor on X.




Proof. Riemann Roch gives
h0(D1 +D2 + ...+Dd−1) = h1(
∑
i
Di) + 1 + d(d− 1)− g





In particular the inequality is sharp in the smooth plane curve case.
Remark. Since the inequality is proven inductively, all the intermediate inequalities h0(D1 +D2 +
...+Dm)− h0(D2 +D3 + ...Dm) ≥ m for m ≤ d− 1 are equalities. Consequently we conclude that
h0(D1 +D2 + ...+Dm) = 1 +
m(m+ 1)
2
for each integer m between 1 and d− 1.
Now we state an improvement of the bound given in Theorem 3.1.
Corollary 3.1.2. Let X be a smooth curve with divisors D1, D2, ..., Dn, di = degDi, and min(d1, d2, ...di) >
n > 2. Assume Di’s satisfy all the other conditions stated in Theorem 3.1. If in addition we have
for every i, that the image of Di under
Di X
P1 × P1 P3
fi+1×fi+2
Ψ2
is not contained in any hyperplane of P3, then
h0(D1 +D2 + ...+Dn) ≥ n− 1 + n(n+ 1)
2
.
Proof. Again we will prove this claim by induction. We will verify the condition given in Lemma
3.1.2 for each n. Our claim is that the image of D1 in P2









has rank at least n. We prove this claim about the rank of D1 by induction on n. The base case
n = 3 follows from our hypothesis that D1 is not contained in any hyperplane of P3 under the
morphism given by f2 × f3. To complete the inductive step, assume the image of D1 in P2n−1−1
has rank at least n for any n divisors D1, D2, ..., Dn that satisfy the conditions given in Corollary
3.1.2. Consider a new list of divisors D1, D2, ..., Dn+1 which satisfies all the required hypotheses.
Apply the inductive hypothesis and we get that image of D1 in P2








has rank at least n. Apply Lemma 3.1.3 and we get that the rank of D1 in P2
n−1 under the







has rank at least n + 1, which completes the induction. Following the same process as in Lemma
3.1.3, we see that for each n < min(d1, d2, ..., dn),
h0(D1 +D2 + ...+Dn)− h0(D2 +D3 + ...+Dn) ≥ n+ 1, (3.2)
which follows from Lemma 3.1.2. To prove the inequality on h0(D1 +D2 + ...+Dn) we will again
use induction. The base case n = 2 follows since




As the divisors D2, D3, ..., Dn form a list of n − 1 divisors satisfying all required conditions, by
inductive hypothesis we have
h0(D2 +D3 + ...+Dn) ≥ (n− 1)− 1 + (n− 1)n
2
.
From (3.2) we can complete the induction:












≥ (n− 1)− 1 + (n− 1)n
2
+ n+ 1
≥ n− 1 + (n− 1)n
2
+ n
≥ n− 1 + n
2 − n+ 2n
2
≥ n− 1 + n(n+ 1)
2
.
Corollary 3.1.3. Let d > 3 be a prime. If X is a d-gonal curve with at least d−1 independent gonal
divisors {Di|1 ≤ i ≤ d− 1} that satisfy all of the conditions stated in Corollary 3.1.2, then
gX ≤ d(d− 1)
2
+ 2− d.




Di) ≥ d− 1 + d(d− 1)
2
.
By Clifford’s Theorem, we have to conclude that h1(
∑d−1
i=1 Di) = 0. Again from Riemann-Roch we
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compute the upper bound on the genus g of X:









Di) + d(d− 1) + 1− g
= 1 + d(d− 1)− g.
Therefore






4.1 Intersection Theory on P1 × P1 × P1 and Notations
We will use ≡ to denote rational equivalence of cycles in P1 × P1 × P1. The notations [P1 × P1 ×
pt], [P1 × pt × P1], [pt × P1 × P1] are used to denote generators of equivalence classes of two-cycles
for the Chow-group of P1×P1×P1. We will also use [P1× pt× pt], [pt×P1× pt], and [pt× pt×P1]
to denote generators of equivalence classes of one-cycles of P1 × P1 × P1. If a divisor or cycle is
integral (and projective), we will use the terms curve and surface to describe such cycles. Curves
and surfaces can be singular, but they are assumed to be at least integral.
Definition 4.0.1. A type a-b-c surface (or sometimes denoted as type (a, b, c)) S is a two-dimensional
integral projective subvariety of P1 × P1 × P1 which is rationally equivalent to
a[pt× P1 × P1] + b[P1 × pt× P1] + c[P1 × P1 × pt].
The numbers a, b, c above are in fact the degrees of projections prij : S → P1 × P1. Similarly
we will define a type a-b-c curve:
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Definition 4.0.2. A type a-b-c curve (or sometimes denoted as type (a, b, c)) S is a one-dimensional
integral projective subvariety of P1 × P1 × P1 which is rationally equivalent to
a[P1 × pt× pt] + b[pt× P1 × pt] + c[pt× pt× P1].
If V and W are cycles of a smooth projective variety that intersect properly, then we denote
V ·W to the cycle given by their intersection product. On a smooth surface S, we will use the
notation A.B to be the degree of the intersection product of divisors classes A,B ∈ PicS.
If pi : S′ → S is a birational morphism of surfaces, and C ↪→ S is a curve, then denote C˜ to
be the closure of pi−1(C ∩ U) where U is an open that intersects C and pi : pi−1(U) → U is an
isomorphism.
We also define the gonality of a singular curve to be the gonality of its normalization.
4.2 Riemann-Roch and Clifford for Singular Curves
We will repeatedly use these results for singular curves. Let X be an integral and projective curve
with arithmetic genus pa.
Theorem. (Riemann-Roch for Singular Curves) Let D =
∑
niPi where each Pi is a smooth point
of X, and let OX(D) be the invertible sheaf on X associated to D. Then
h0(OX(D))− h1(OX(D)) = degD + 1− pa.
Remark. This statement can be found in [5, IV, Ex 1.9]
Theorem. (Clifford’s Theorem on Singular Curves) Let L be an invertible sheaf on X such that
h0(L) ≥ 1 and h1(L) ≥ 1. Then
h0(L) + h1(L) ≤ pa + 1.
An outline of the proof for Clifford’s Theorem stated above can be found in [6, Lemma 3.1].
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Remark. If X ↪→ P1 × P1 × P1 is a type 7-7-7 curve, then a general fiber for each projection
morphism pri : X → P1 is supported on regular points of X. Therefore if we consider ι : X ↪→ P7
by embedding P1 × P1 × P1 into P7 via a Segre product, then ι∗OP7(n) is an invertible sheaf on X,
whose general global section has zeros supported on regular points of X.
Combining these two theorems we have a more applicable version of Clifford’s Theorem, which
we will state below.
Theorem. If D =
∑
niPi is a divisor where each Pi is a smooth point of X. Let OX(D) be the




4.3 Type 1-1-1 Surfaces containing X
We will investigate the possible genera (arithmetic) for a curve X to be an irreducible type 7-7-7
curve of P1 × P1 × P1. The first method of construction consists of finding a smooth hyperplane
section of P1×P1×P1 which contains a curve of type 7-7-7. The main idea is as follows: Take a type
7−7 irreducible curve C of P1×P1, which we can embed into P3 a quadric via the Segre embedding.
Choose two singular points P1, P2 of the “correct” singular multiplicity, and with the additional
constraint that the line in P3 passing through P1 and P2 is not contained in the quadric, and blow
up P1 × P1 at P1 and P2. The strict transform of C will be a type 7-7-7 curve in P1 × P1 × P1 if
the singularity multiplicities add up to 7. We will verify the validity of this construction below.
Lemma 4.0.1. Let C be an irreducible type 7-7 curve of P1 × P1. Assume that C contains two
distinct points P1, P2 such that the singular multiplicities of C at P1 and P2, denoted by µPi(C),
satisfy
µP1(C) + µP2(C) = n,
and that P1 and P2 are not both contained in a line of the form P1 × pt or pt× P1. There exists a
curve X ↪→ P1 × P1 × P1 of type 7-7-(14− n) whose image under projection pr12 is C.
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Proof. Let A and B be independent global sections of H0(OP1×P1(1, 1)) such that Z(A) and Z(B)
both contain P1 and P2. Indeed as P1 and P2 are distinct points in P1 × P1 ↪→ P3, every type
1-1 curve that passes through P1 and P2 is in the pencil spanned by A and B. Now Z(A) must
intersect Z(B) properly, or else P1 and P2 will be contained in P1 × pt or pt × P1. Therefore we
see that a general member of the linear system given by A and B will be an irreducible type 1-1
rational curve. By assigning projective coordinates z0, z1 on the third component of the product
P1 × P1 × P1, consider the surface S defined by
S = Z(Az0 −Bz1).
In fact, S is a type 1-1-1 smooth surface inside of P1×P1×P1 (To verify that S is smooth, we can
assume that P = [1 : 0] × [0 : 1] and Q = [0 : 1] × [1 : 0], and check that for this particular choice
of P and Q that S is smooth. For general choices of P and Q, we can apply an automorphism of
P1×P1 to map P , Q to those specific choices). We can see that it is also isomorphic to BlP,QP1×P1,
as the the linear system given by A,B gives a morphism P1 × P1 − {P,Q} → P1, whose graph in
P1 × P1 × P1 has closure S. Since the base locus Z(A) ∩ Z(B) is (scheme-theoretically) P unionsq Q,
BlP,QP1 × P1 maps birationally to S, and consequently isomorphically to S (no one-dimensional
fibers of the birational morphism can exist). Let X be the strict transform of C in S. We will
show that X has the desired properties. As X is birational to C, the degree of pr1 : X → P1
and pr2 : X → P1 are both 7. We will compute the degree of the projection pr3 : X → P1.
Let pi : S → P1 × P1 the birational morphism induced by the projection morphism pr12. We can
compute pi∗C as a one-cycle of P1 × P1 × P1. More specifically,
pi∗C = pr∗12C · S
≡ (7[pt× P1 × P1] + 7[P1 × pt× P1]) · ([pt× P1 × P1] + [P1 × pt× P1] + [P1 × P1 × pt])
≡ 14[pt× pt× P1] + 7[P1 × pt× pt] + 7[pt× P1 × pt]
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as one-cycles in the Chow ring of P1 × P1 × P1. On the other hand, as a divisor of S we have
pi∗C = X + µP1EP1 + µP2EP2 .
Therefore if we denote the embedding ι : S ↪→ P1 × P1 × P1, then
ι∗pi∗C = ι∗(X + µP1EP1 + µP2EP2)
= 7[P1 × pt× pt] + 7[pt× P1 × pt] + (d+ µP1 + µP2)[pt× pt× P1],
where d is the degree of the projection pr3 : X → P1. Consequently,
d+ µP1 + µP2 = 14,
and d must be 14− n as required. The curve X ↪→ S satisfies all the desired properties.
In the case where n = 7 (as introduced in the Lemma 4.0.1), we can construct type 7-7-7 curves
that lie on a smooth type 1-1-1 surface using the strategy described in Lemma 4.0.1. Let us consider
a two-dimensional linear system given by A and B in H0(OP1×P1(1, 1)) such that Z(A) and Z(B)
are both irreducible (therefore smooth rational) and intersect transversely at P and Q. We see that
P and Q cannot be contained in a rational curve of the form P1×pt and pt×P1, as Z(A).P1×pt = 1
and Z(A).pt×P1 = 1. Then the type 1-1-1 smooth surface S in P1×P1×P1 cut out by Az0−Bz1
is the blow-up of P1 × P1 at P and Q. Let pi : S → P1 × P1 be the birational morphism induced
by pr12 : P1 × P1 × P1 → P1 × P1. Let EP and EQ be the exceptional divisors of pi. We will
construct smooth type 7-7-7 curves X in S, such that its image pr12(X) in P1 × P1 has singularity
multiplicities of (6, 1), (5, 2), and (4, 3) at P and Q.
Let h1 and h2 be divisor classes in PicS that correspond to pr1 : S → P1 and pr2 : S → P1. For
any curve C in P1 × P1, let C˜ be the strict transform of C through pi.
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As Z(A) and Z(B) are each smooth at P and Q simultaneously, we obtain the relation
Z˜(A) ≡ Z˜(B) ≡ h1 + h2 − EP − EQ.
Lemma 4.0.2. The sections Z˜(A), Z˜(B) ∈ |h1 +h2−EP −EQ| form a base-point free linear system
which gives the third projection pr3 : S → P1.
Proof. As both Z˜(A) and Z˜(B) are equivalent to h1 + h2 − EP − EQ, we see that
Z˜(A).Z˜(B) = (h1 + h2 − EP − EQ)2
= 2h1.h2 − E2P − E2Q
= 0.
We conclude that the linear system given the two sections is base-point free. Now as S is defined
by the equation
Az0 −Bz1,
we see that Z˜(A) is precisely the fiber pr−13 ([1 : 0]). We conclude from here that the linear system
given by Z˜(A) and Z˜(B) produces the third projection pr3 : S → P1.
Lemma 4.0.3. The divisor 2h1 + 2h2 − EP − EQ is very ample.
Proof. Note that 2h1 + 2h2−EP −EQ = h1 + h2 + (h1 + h2−EP −EQ). As h1 + h2−EP −EQ is
equivalent to the fibers of pr3 : S → P1, the divisor of interest is the class of hyperplane sections of
S ↪→ P1 × P1 × P1 ↪→ P7,
and the lemma follows.
Lemma 4.0.4. The divisor nh1 +nh2−mEP is base-point free for positive integers n,m satisfying
m ≤ n.
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Proof. Note that the global sections of the divisor h1 +h2 form a base-point free linear system, and
they give the birational morphism pi : S → P1 × P1.
We can also show that h1 + h2 − EP is base-point free. Take three linearly independent sections
s0, s1, s2 of H
0(OP1×P1(1, 1)) such that Z(si) passes through P for each i. As both Z˜(A) + EQ,
Z˜(B) + EQ are members of the linear system given by s0, s1, s2, we see that the base locus is
contained in EQ. However, by picking a hyperplane H of P3 that passes through P but not Q, we
obtain a type 1-1 curve D (as we can also assume it is irreducible) that passes through P but not
Q. Moreover D is a member that of the linear system and it is disjoint from EQ. Therefore the
linear system given by s0, s1, s2 is base-point free. By writing the divisor nh1 + nh2 −mEP in the
form
(n−m)(h1 + h2) +m(h1 + h2 − EP ),
we reach the conclusion that nh1+nh2−mEP is base-point free as well, as it is the sum of base-point
free divisors.
Construction 1. We can construct type 7-7 curves in P1×P1 with singularity multiplicities (6, 1),
(5, 2), (4, 3) at distinct closed points P and Q in P1×P1, where P and Q are not both contained in
a curve of the form P1 × pt or pt× P1.
Proof. We will show that each one of the following divisors of S := BlP,QP1 × P1 is very ample:
1. 7h1 + 7h2 − 6EP − EQ
2. 7h1 + 7h2 − 5EP − 2EQ
3. 7h1 + 7h2 − 4EP − 3EQ.
We can rewrite the divisors in the following manner:
7h1 + 7h2 − 6EP − EQ = (2h1 + 2h2 − EP − EQ) + (5h1 + 5h2 − 5EP )
7h1 + 7h2 − 5EP − 2EQ = 2(2h1 + 2h2 − EP − EQ) + (3h1 + 3h2 − 3EP )
7h1 + 7h2 − 4EP − 3EQ = 3(2h1 + 2h2 − EP − EQ) + (h1 + h2 − EP ).
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As each divisor is a sum of a very-ample divisor n(2h1 + 2h2 − EP − EQ) and a base-point free
divisor of the form mh1 +mh2 −mEP (as stated in Lemma 4.0.4), each divisor is very ample, and
thus its global sections give a closed embedding into projective space. By Bertini’s Theorem, we
may find smooth and connected (asdimS = 2) sections for each divisor. These sections are type
7-7-7 curves and their images in P1 × P1 under pr12 satisfy the condition stated in Construction
1.
We may compute the arithmetic genus for each one of the type 7-7-7 curves constructed above.
Let X be such a curve. We will denote C to be the image of X under pi : BlP,QP1 × P1 → P1 × P1,
and the multiplicities of singularities of C at P,Q will be (6, 1), (5, 2), or (4, 3). The arithmetic
genus of C is given by (7 − 1)2 = 36 as C is an irreducible type 7-7 divisor of P1 × P1. If the
multiplicities of singularities of C at P and Q are µP and µQ, respectively, then the arithmetic
genus of the strict transform of C in S := BlP,QP1 × P1 is given by
pa(X) = pa(C)− µP (µP − 1)
2
− µQ(µQ − 1)
2
= 36−−µP (µP − 1)
2
− µQ(µQ − 1)
2
.
Therefore we have constructed type 7-7-7 curves with arithmetic genus
1. 36− 6·52 = 21
2. 36− 5·42 − 2·12 = 25
3. 36− 4·32 − 3·22 = 27
Remark. If we choose smooth sections of |7h1 + 7h2 − µPEP − µQEQ| in the construction process
illustrated in Construction 1, then the resulting curves will have geometric genus 21, 25, 27. How-
ever, we could choose irreducible but singular sections to construct curves with geometric genus
different from 21, 25, 27. The author believes that it is possible to achieve arithmetic genus between
21 and 27 by constructing curves on singular type 1-1-1 surfaces.
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Remark. By considering suitable plane models, Coppens constructed (see [3]) smooth curves of
genus g, with 21 ≤ g ≤ 24 with at least three pairwise independent gonal morphisms of degree 7.
Therefore for at least some of genera in the range 21 ≤ pa ≤ 27, we could obtain 7-7-7 curves X with
arithmetic genus pa and also have gonality seven - which implies that the projections pri : X → P1
are in fact gonal morphisms.
In fact, as a smooth plane curve of degree 8 is 7-gonal, we can construct a type 7-7 curve in
P1 × P1 by blowing up two distinct points in P2 contained in a fixed smooth degree 8 plane curve
C ′, and blowing down the strict transform of the line connecting the two points. The image of C ′
in P1×P1 will have a singularity of order 6 at the image of the “blown-down” line, and a singularity
of order 1 at another smooth point.
Note that we explicitly avoided the discussion of the (7, 0) case (which means C ↪→ P1 × P1 is
singular at P with a large order of 7 but does not pass through Q). We will discuss this example
separately.
Construction 2. Let P,Q be distinct closed points of P1 × P1 such that P and Q are not both
contained in a curve of the form pt × P1 or P1 × pt. There exists a type 7-7 curve C such that C
has an order 7 singularity at P and does not pass through Q.
Proof. As in Lemma 4.0.2, the divisor h1 +h2−EP is base-point free. Therefore, 7(h1 +h2−EP ) is
base-point free. The notable deviation from the previous argument is that the divisor 7(h1+h2−EP )
is only base-point free but not very ample. As a result Bertini’s Theorem (in characteristic 0) cannot
guarantee the existence of a smooth and connected section. However, as noted in the proof of Lemma
4.0.2, we can produce three independent sections s0, s1, s2 ∈ H0(OS(h1 + h2 − EP )) whose linear
system defines a morphism ϕ : S → P2. We check that ϕ is a birational morphism. This follows as




If Ψ : P2 ↪→ P(7+22 )−1 is the Veronese embedding of P2 given by the complete linear system of divisors
in H0(OP2(7)), then Ψ ◦ϕ : S → P(
7+2
2 )−1 is birational to its image. As ϕ is a birational morphism
of nonsingular varieties, there are only finitely many exceptional divisors that are contracted by
ϕ to points. Therefore a general hyperplane section H ∩Ψ(ϕ(S)) will completely avoid the image
of the exceptional divisors in P(
7+2
2 )−1. From Bertini’s Theorem, we can pick some hyperplane
H ⊂ P(7+22 )−1 such that H∩Ψ(P2) is smooth and connected, and (Ψ◦ϕ)−1(H∩Ψ(P2)) ∼= H∩Ψ(P2).
Therefore (Ψ ◦ ϕ)−1(H ∩ Ψ(P2)) is a divisor in |7(h1 + h2 − EP )| that is smooth and connected.
Consequently it has all the desired properties and produces an example of a type 7-7-7 curve of
arithmetic genus
(7− 1)2 − 7(7− 1)
2
= 15.
Remark. The example above cannot produce a 7-gonal curve. To see this, let C ↪→ P1 × P1 be a
type 7-7 curve that is singular at P with order 7. Take another smooth point Q′ 6= Q that lies on
C, such that P and Q′ are not contained in a line of the form P1×pt or pt×P1. As in Lemma 4.0.1,
the strict transform of C in the blow-up BlP,Q′P1×P1 will have a g16 given by the third projection.
4.3.1 Plane Models in which the Gonal Morphisms are “Visible”
Let C be a curve given by Construction 1. In particular C ↪→ P1 × P1 is a curve whose singularity
multiplicities at P,Q ∈ P1 × P1, denoted by µP and µQ, add up to 7 (as in Construction 1), and
P,Q are not both contained in a line of the form P1 × pt or pt× P1. Let X be the strict transform
of C in BlP,QP1 × P1. pr12 : X → P1 × P1 will induce a plane model for the normalization X˜,
in which pr3 : X˜ → P1 is realized as a projection in P2. Let Ψ : P1 × P1 ↪→ P3 be the Segre
embedding, and without loss of generality assume µP > µQ. We can use Ψ(P ) as the source point
of a projection morphism ϕ : P3 −Ψ(P )→ P2, which maps P1 × P1 birationally to P2. Let L1 and
L2 be lines in P3 that pass through Ψ(P ) and are contained in the quadric surface given by Ψ. Note
that neither L1 nor L2 will pass through Ψ(Q), as both Z(A) ∩ L1 has degree 1, and consequently
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cannot contain both Ψ(P ) and Ψ(Q). Therefore ϕ(Ψ(Q)) will be a point in P2 whose multiplicity
of singularity is µQ = 7 − µP . Now ϕ(C) ↪→ P2 will be a plane curve of 14 − µP . Hence the pro-
jection in P2 with source ϕ(Ψ(Q)) has degree 14− µP − (7− µP ) = 7. The fibers of pr3 : X → P1
are contained in type 1-1 divisors passing through P and Q, and the image of a type 1-1 curve
passing through P in P1 × P1 becomes a line under ϕ ◦ Ψ. Therefore we conclude that a fiber of
pr3 is linearly equivalent to a fiber of ϕ(Ψ(C)) → P1 induced by projection from ϕ(Ψ(Q)). In ad-
dition, pr1, pr2 : X → P1 are also realized as projections from the images of L1 and L2 in ϕ(P1×P1).
Motivated by the phenomenon described above, we will define the notion of visibility:
Definition 4.0.3. If X is a smooth curve and ϕ : X → P2 is a plane model (so ϕ maps X
birationally to its image), then we say a dominant morphism f : X → P1 is visible in ϕ if f is






The next proposition shows that if X admits a plane model in which three of its gonal morphisms
are visible, then the image of X in P1×P1×P1 given by the product of the three gonal morphisms
is contained in a type 1-1-1 surface.
Proposition 4.3.1. Let C ↪→ P2 be a plane curve passing through distinct points P,Q,R, and let
fP , fQ, fR : C → P1 be morphisms give by projections from source-point P,Q,R to a projective line
in P2. If fP , fQ, fR are gonal morphisms, then their image under fP ×fQ×fR : C˜ → P1×P1×P1
is contained in a type 1-1-1 surface, where C˜ is the normalization of C.
Proof. Let S := BlP,Q,RP2. Let LP1, LP2, LQ1, LQ2, LR1, LR2 be six lines in P2 such that
LP1 ∩ LP2 = P , LQ1 ∩ LQ2 = Q, and LR1 ∩ LR2 = R. Let V1, V2, V3 ⊂ H0(OP1×P1(1, 1)) be
subspaces generated by < LP1, LP2 >, < LQ1, LQ2 >, and < LR1, LR2 > respectively. The linear
system given by V1 ⊗ V2 ⊗ V3 defines a morphism
P2 − {P,Q,R} → P1 × P1 × P1,
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which lifts to a morphism
ϕ : BlP,Q,RP2 → P1 × P1 × P1.
Let S ↪→ P1 × P1 × P1 be the image of ϕ, and we claim that S is a type 1-1-1 surface. It suffices to
show that prij : S → P1 × P1 is a birational morphism. We have the commuting morphisms given
in the diagram below:
BlP,Q,RP2 S
BlP,QP2 P1 × P1,
pr12
where the bottom row is given by V1 ⊗ V2 ⊂ H0(OP2(2)) and is a birational morphism. Since
the maps in the left column and bottom row are both birational morphisms, we conclude that
pr12 : S → P1 × P1 is also a birational morphism. By symmetry pr23 and pr13 map S birationally
to P1 × P1. Hence S is a type 1-1-1 surface.
One question which arises from our previous analysis is whether every curve X which has three
independent gonal morphisms of degree d also admits a plane model in which the three gonal
morphisms are visible. Therefore we ask the following question:
Question. Is there a 7-7-7 curve X ↪→ P1 × P1 × P1 that is contained in a type 2-2-2 surface ?
If we have such a curve X, then it cannot be contained in a type 1-1-1 surface due to intersection-
theoretic reasons. If S and S′ are type 1-1-1 and type 2-2-2 surfaces both containing X, then their
intersection product is
S · S′ ≡ 4[P1 × pt× pt] + 4[pt× P1 × pt] + 4[pt× pt× P1].
Consequently this particular X, if it exists, does not admit a plane model in which the three
morphisms pri : X → P1 are realized as projections in the plane. We will devote the remaining
sections of this chapter to study whether a 2-2-2 surface could contain a type 7-7-7 curve.
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4.4 Type 2-2-2 Surfaces containing X
We will use this section to prove the following result, which is the essential ingredient for proving
that a type 7-7-7 curve X in P1 × P1 × P1 of arithmetic genus 19 is not contained a type 2-2-2
surface. This result will also help us prove that if X is a type 7-7-7 curve of arithmetic genus 21,
then X is contained in a type 1-1-1 surface.
Theorem 4.1. If X ↪→ P1 × P1 × P1 is a curve of type 7-7-7, then X cannot be contained in three
linearly independent sections of s0, s1, s2 ∈ OP1×P1×P1(2, 2, 2) such that Z(s0) is an irreducible type
2-2-2 surface.
Remark. In other words, if X ⊂ S which is an irreducible type 2-2-2 surface, then
dimk{s ∈ OP1×P1×P1(2, 2, 2)|X ⊂ Z(s)} ≤ 2.
Outline. Before starting the proof which consumes the entire section, we will provide a brief outline.
Assume the situation does occur - that is there are three independent sections ofO(2, 2, 2) containing
X. First we will replace the irreducible surface Z(s0) with an integral, projective, and normal
type 2-2-2 surface S which contains the curve X. We will then consider a minimal resolution of
singularities S˜ for S. Using the other two independent global sections of O(2, 2, 2) and the Hodge-
Index Theorem, we obtain a morphism S˜ → P1 whose general fibers are mapped birationally to
smooth rational type 1-1-1 curves in S by S˜ → S. Therefore we conclude that S˜ is a smooth
rational surface. It cannot be a ruled surface, however, because the Picard rank of S˜ is bigger than
two. Consequently the fibration contains a “broken fiber” T . We will choose a suitable −1-curve
in T , which we will call T1, such that it manufactures contradictory statements on h
0(mH1 + T1)
and h0(mH1) (for sufficiently large m), which are stated in (4.4), Claim 4.1.15, and Claim 4.1.16.
Proof of Theorem 4.1. Assume , for the sake of contradiction, that s0, s1, s2 are three sections such
that they are linearly independent in H0(OP1×P1×P1(2, 2, 2)), and assume that S := Z(s0) ∩ P1 ×
43
P1 × P1 is irreducible but potentially singular. Let i : S ↪→ P1 × P1 × P1 be the closed embedding.
Let L be the line bundle OP1×P1×P1(Q), where Q is some fixed type 2-2-2 divisor of P1 × P1 × P1
which intersects S properly. Since Q is an effective Cartier divisor, we can find an open cover {Ui}
of P1 × P1 × P1 and sections fi ∈ OP1×P1×P1(Ui) where V (fi)|Ui = Q ∩ Ui. Let Q0 := Z(s0),
Q1 := Z(s1) and Q2 := Z(s2).
Lemma 4.1.1. There is a section s′ in H0(L) whose zero-locus Z(s′) has the property that it is a
normal subvariety of P1 × P1 × P1 which contains X.
Proof. Consider the linear system on P1 × P1 × P1 given by s, s1 ∈ H0(L). Away from the base-
locus B, the linear system [s0, s1] defines a morphism from P1 × P1 × P1 −B to P1. From Bertini’s
Theorem in characteristic 0 ([5, Chapter III Remark 10.9.2]), a general s′ = as0 + bs1 with b 6= 0
in the linear system will have the property that the singular locus of Z(s′) is contained in the base
locus B. We will also claim that
1. Z(s′) is an irreducible type 2-2-2 divisor of P1 × P1 × P1
2. The singular locus of Z(s′) has dimension 0.
To see that Z(s′) is irreducible, assume that S′′ is an irreducible component of Z(s′) with
S′′ ≡ a[pt× P1 × P1] + b[P1 × pt× P1] + c[P1 × P1 × pt],
where 0 ≤ a, b, c ≤ 2 and at least one of a, b, c is less than 2. Then S′′ cannot contain X, since if
S′′ were to contain X, then X would be a component of the intersection S′′ ∩S (and they intersect
properly as s′ and s are linearly independent in H0(L)). However,
S · S′′ ≡ (a[pt× P1 × P1] + b[P1 × pt× P1] + c[P1 × P1 × pt]) · S
≡ ((2b+ 2c)[P1 × pt× pt] + (2a+ 2c)[pt× P1 × pt] + (2a+ 2b)[pt× pt× P1]).
At least one of 2b + 2c, 2a + 2c, and 2a + 2b is less than 7, so X cannot be a component of the
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intersection S · S′′. Applying the argument to every irreducible component of Z(s′) we see that
X cannot be contained in any irreducible component of Z(s′), which is an absurd conclusion as s′
vanishes on X. Therefore Z(s′) is an irreducible divisor of type 2-2-2. To verify that Z(s′) has
a singular locus of dimension 0, note that the singular locus is contained in the base locus of the
linear system s, s′. Therefore any one dimensional component C of Sing(Z(s′)) is an irreducible
component of the base locus S ∩ Z(s′). However the base locus
S ∩ Z(s′) ≡ 8[P1 × pt× pt] + 8[pt× P1 × pt] + 8[pt× pt× P1].
As X is a 7-7-7 irreducible one-cycle in the base-locus, we can conclude for any component C
of Z(s′) ∩ S, the intersection multiplicity of Z(s′) ∩ S at C is 1. We recall a general fact about
smoothness at a general point of a component with multiplicity one:
Theorem. Let X be a non-singular variety over k. Let V,W ⊂ X be closed subvarieties which
intersect properly. Let Z be an irreducible component of V ∩W and assume that the multiplicity
of Z in the closed subscheme V ∩W is 1. Then V,W are smooth in a general point of Z. (See [4,
Prop. 7.2] or [8, Tag 0AZR, 42.13.4])
Therefore Z(s′) is non-singular at all but finitely many points of each component of the in-
tersection Z(s′) ∩ S. We then conclude that Z(s′) has a singular locus of dimension 0. Since the
surface Z(s′) is locally a hypersurface in A3, by Serre’s Criterion we conclude that Z(s′) is a normal
surface.
Based on the previous lemma, we will pick some type 2-2-2 normal surface S which contains X.
Definition 4.1.1. By a change of basis if necessary, assume s0, s1, s2 ∈ H0(OP1×P1×P1(2, 2, 2)) are
three independent sections, where S := Z(s0) is a normal surface of type 2-2-2.
Lemma 4.1.2. If S ↪→ P1×P1×P1 is a normal surface of type 2-2-2, then it contains only finitely
many one-cycles C with pri(C) is a point in P1 for at least one of the projections pri : P1×P1×P1 →
P1. In particular, S only contains finitely many irreducible curves of type 1-1-0, 0-1-1, 1-0-1, 1-0-0,
0-1-0, or 0-0-1.
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Proof. It suffices to check that the fiber pr−1i (p) of pri : S → P1 is irreducible for all but finitely
many closed points p of P1. By symmetry we only consider pr1 : S → P1. For any p ∈ P1, we see
that
pr−11 (p) = [p× P1 × P1] · S
≡ [p× P1 × P1] · (2[pt× P1 × P1] + 2[P1 × pt× P1] + 2[P1 × P1 × pt])
≡ 2[p× pt× P1] + 2[p× P1 × pt]
Therefore, each fiber is in fact isomorphic to a type (2, 2) divisor of P1 × P1. In particular, each
fiber pr−1i (p) is connected (as a type (a, b) divisor must intersect a type (2 − a, 2 − b) divisor of
P1 × P1 for 0 ≤ a, b ≤ 2 and a+ b > 0).
If S is normal, then S has singular locus of dimension 0. Let U ⊂ P1 be an open where pr1(p) /∈ U
for any singular point p ∈ S. Therefore pr−1(U) is nonsingular. In fact, we can further restrict to
an open V ⊂ U ⊂ P1 so that pr1 : pr−11 (V ) → V is a smooth morphism (a proof is given in [5,
Chapter III, 10.7]). Consequently the fiber pr−11 (p) is smooth and connected for any p ∈ V , and
therefore the fiber pr−11 (p) is irreducible.
We will show that for a general [a : b] ∈ P1, Z(as1 + bs2) ∩ S only contains two irreducible
components: X and an irreducible type 1-1-1 curve. Recall that we defined L = OP1×P1×P1(Q),
where Q is some fixed type 2-2-2 divisor. We write the Cartier divisor corresponding to L in the
form {(Ui, fi)} where the Ui’s are an affine open cover of P1×P1×P1. We will verify the following
claim.
Claim 4.1.1. For any two sections s, t ∈ H0(L), if the intersection products Z(s) · S = Z(t) · S
(every irreducible component of Z(s) ∩ S is also an irreducible component of Z(t) ∩ S with same
multiplicity), then s, t, s0 in H
0(L) are linearly dependent.
Proof. Let j : S → P1×P1×P1 denote the closed embedding of S. The Cartier divisor (Ui∩S, j∗fi)
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is the divisor that corresponds to the invertible sheaf j∗L, of which j∗s and j∗t are global sections.
Let K(S) be the field of rational functions on S. Let Ai = OS(S ∩ Ui). For each height one prime









because the intersection product Z(s) ·S′ agrees with Z(t) ·S′. We have j∗sj∗t
∣∣
Ui∩S ∈ OS(Ui ∩S) for
each i, and therefore j∗s/j∗t ∈ H0(OS). As a result, j∗s = cj∗t for some c ∈ k. This means that
Z(s− ct) does not intersect S properly, and since S is irreducible this means Z(s2 − cs1) contains
S, so s0, s, t are not linearly independent in H
0(OP1×P1×P1(2, 2, 2)), which is a contradiction.
There are only finitely many type 0-1-1, 1-1-0, 0-1-1, 0-1-0, 0-0-1, and 1-0-0 curves that are
contained in S, and for any two sections s and t in H0(OP1×P1×P1(2, 2, 2)) satisfying that s0, s, t are
linearly independent, we have Z(s) · S 6= Z(t) · S. We can conclude that for all but finitely many
[a : b] ∈ P1, Z(as1 + bs2) · S = X + C[a:b], where C[a:b] is an irreducible 1-1-1 curve. Moreover if
[a : b] 6= [a′ : b′] ∈ P1, then C[a:b] 6= C[a′:b′].
Let S˜ be a minimal resolution of singularities for S. Let SingS be the singular locus of S, and
let Zi be the irreducible divisors of S˜ supported on the SingS. Let U = S − SingS ∼= S˜ −∪Zi. For
a general point p = [a : b] ∈ P1, we will again define Cp as the irreducible 1-1-1 component of the
intersection product Z(as1 + bs2) ∩ S.
Definition 4.1.2. We define pi : S˜ → S to the birational morphism which resolves the singularities
of S, and we define ϕ : S˜ → P1×P1×P1 to be the composition of pi ◦ j, where j : S ↪→ P1×P1×P1










We have the exact sequence
⊕A1(Zi) −→ A1(S˜) −→ A1(U) −→ 0,
where A1(S˜) denotes the group of one-cycles/Weil divisors of S˜). For any p ∈ P1, let C˜p be the
closure of pi−1(Cp ∩ U). Now note that if p, q ∈ P1 such that Cp and Cq are both irreducible, then
C˜p ∩ pi−1(U) ≡ C˜q ∩ pi−1(U),
and from the previously mentioned exact sequence we know that C˜p − C˜q ≡
∑
i niZi.
Definition 4.1.3. If p := [a : b] ∈ P1, then denote s(p) := as1 + bs2 ∈ H0(L).
If Cp is irreducible, then the divisor Z(s(p))∩S = X+Cp (where the multiplicities are 1 because
Z(s(p)) ∩ S is a type 8-8-8 cycle). Thus over U , we have
Z(s(p))|U = X|U + Cp|U .
Let X˜ be the closure of pi−1(X|U ) in S˜. We have (ϕ∗Z(s(p))− X˜ − C˜p)|U = 0, where ϕ is defined
by the diagram in (4.1). From
⊕A1(Zi) −→ A1(S˜) −→ A1(U) −→ 0,
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we have ϕ∗Z(s(p)) = X˜ + C˜p +
∑
i ni(p)Zi, where ni(p) are some integers depending on p.
ϕ∗s(p) is a global section of ϕ∗L, and we have
Z(ϕ∗s(p)) = X˜ + C˜p +
∑
ni(p)Zi.
In fact, each ni(p) is uniquely determined by p as follows: Fix Zi, and let Ui be an open
subvariety of S which contains the singular point pi(Zi), and let Vi ⊂ S˜ be an affine open of S˜ with
the following properties:
1. pi(Vi) ⊂ Ui
2. Zi ∩ Vi is non-empty.
3. ϕ∗L(Vi) is principally generated by g ∈ ff(OS˜(Vi)) as an OS˜(Vi) module.
If Ri := OS˜(Vi), then Zi corresponds to a height one prime P of Ri. The integer ni is given by
the valuation (as RP is a discrete valuation ring)
valP ((ϕ
∗s(p))|Vi/g).
Since ni is uniquely determined for each p where Cp is irreducible, we may consider ni as a
function from a non-empty open subset of P1 to Z. We claim that this function is semi-continuous.
In particular, we make the following claim:
Claim 4.1.2. There is a non-empty open U ⊂ P1 such that for any p, q ∈ U , ni(p) = ni(q).
Proof. Fix one of the components Zi, and we will show that we can find an open U for which
ni(p) = ni(q) for all p, q ∈ U . Again we find an affine open Vi ⊂ S˜ the same way as above, and
denote Ri := OS˜(Vi), and g ∈ ff(Ri) is a generator for ϕ∗L(Vi). Let P be the height one prime
that corresponds to Zi. If for all p, q ∈ P1, ni(p) = ni(q), then the claim is true by letting U be all
of P1. For assume for some p and q, we have ni(p) 6= ni(q). By a change of basis we may assume
ni([1 : 0]) 6= ni([0 : 1]).
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Let f1, f2 ∈ ff(Ri) be ϕ∗s1|Vi and ϕ∗s2|Vi respectively.
ϕ∗(as1 + bs2)|Vi = af1 + bf2
Hence ni([1 : 0]) = valP (f1/g) and ni([0 : 1]) = valP (f2/g).
If ni([1 : 0]) 6= ni([0 : 1]), then valP (f1/g) 6= valP (f2/g), and by strong triangle inequality we






= min(valP (f1/g), valP (f2/g))
= min(ni([1 : 0]), ni([0 : 1]))
and the claim follows.
Let p ∈ P1 be chosen so that C˜q is linearly equivalent to C˜p for all q in some open U ′ ⊂ P1
containing p, and consider the line bundle OS˜(C˜p) associated to the divisor C˜p. We see that
h0(OS˜(C˜p)) ≥ 2 as there are two distinct sections divisors C˜p and C˜q that are equivalent.
Let H1, H2, H3 be divisors of S˜ defined by ϕ
∗p1 × P1 × P1, ϕ∗P1 × p2 × P1, and ϕ∗P1 × P1 × p3
respectively, where p1, p2, p3 ∈ P1 are closed points chosen in a way so that p1×P1×P1, P1×p2×P1,
and P1 × P1 × p3 are disjoint from Sing(S) (the singular locus of S). Let Num(S˜) = PicS˜/ ∼num,
C ∼num 0 provided that C.E = 0 for all divisors E ∈ PicS˜. Let V = NumS˜ ⊗Z R.




2 if i 6= j
0 if i = j
Proof. To show claim, we first consider the case where i 6= j, and recall the projection formula:
Theorem. For all one-cycle classes α in S˜, and all two-cycle classes β in P1 × P1 × P1, ϕ∗α · β =
50
ϕ∗(α · ϕ∗β). (Result can be found in [4, Prop. 8.3] or [8, Tag 0B2X].)
By symmetry it suffices to consider i = 1, j = 2. By setting α = H1, β = P1 × p2 × P1, we
proceed to compute Hi ·Hj using the projection formula:
H1.H2 = deg(H1 ·H2)
= deg(H1 · ϕ∗(P1 × p2 × P1))
= degϕ∗(H1 · ϕ∗(P1 × p2 × P1))
= deg(ϕ∗H1 · P1 × p2 × P1)
Since H1 = ϕ
∗(p1×P1×P1), and ϕ : S˜ −→ P1×P1×P1 is birational to its image, we may express
ϕ∗H1 as a sum of of one-cycles in P1 × P1 × P1 as follows:
ϕ∗H1 = p1 × P1 × P1 · S
≡ p1 × P1 × P1 · (2[pt× P1 × P1] + 2[P1 × pt× P1] + 2[P1 × P1 × pt])
≡ 2[pt× pt× P1] + 2[pt× P1 × pt]
Therefore,
H1.H2 = deg(ϕ∗H1 · P1 × p2 × P1)
= deg(2[pt× pt× P1] + 2[pt× P1 × pt]) · P1 × p2 × P1
= deg(2[pt× p2 × pt])
= 2.
On the other hand, by picking a different p′1 ∈ P1(6= p1) with p′1 × P1 × P1 not passing through
any singular points of S, we see that ϕ∗p′1 × P1 × P1 ≡ H1. We conclude that
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H1.H1 = deg(H1 ·H1)
= degϕ∗p′1 × P1 × P1 · ϕ∗p1 × P1 × P1
= 0.
Using the same techniques we can verify that Hi.C˜p = 1 for each i.
Claim 4.1.4. Hi.C˜p = 1 for each i.
Proof. By symmetry we will only check for i = 1.
H1.C˜p = deg(H1 · C˜p)
= deg(ϕ∗(H1 · C˜p))
= deg(ϕ∗(ϕ∗p1 × P1 × P1 · C˜p))
= deg(p1 × P1 × P1 · ϕ∗C˜p)
= deg(p1 × P1 × P1 · Cp)




Proof. Note that for some q ∈ U ′ ⊂ P1, we have that C˜p 6= C˜q as irreducible curves on S˜, therefore
C˜p
2
= C˜p · C˜q ≥ 0.
Let W be the subspace of V generated by the images of H1, H2, H3, and C˜p.
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Let F : V × V → R be the symmetric bilinear form on V induced by the intersection product
on Pic(S˜). By the Hodge-Index Theorem, we know that if H is an ample divisor on S˜ and for any
divisor D such that D ·H = 0, either D ∼num 0 or D2 < 0. Let LH := {rH|r ∈ R} be the subspace
of V generated by the image of some ample divisor H. Since H2 > 0, we conclude that the F
restricted to LH is positive definite, and F restricted to L
⊥
H is negative definite. By a theorem of
Sylvester (invariance of signature), we know that
max{dimV ′|V ′ ⊂ V subspace where F |V ′ is positive definite } = 1.
By further restricting to W , we see that
max{dimW ′|W ′ ⊂W subspace where F |W ′ is positive definite } ≤ 1.
From the intersection numbers found in Claim 4.1.3 and 4.1.4, F |W is given by the matrix
M :=

0 2 2 1
2 0 2 1
2 2 0 1
1 1 1 C˜p
2

, where the entries are given by the pairwise intersection product of generators given by images of





is an integer, we see that 16C˜p
2 − 12 6= 0, which means H1, H2, H3, C˜p is a basis of W .
In fact, by labeling the basis with v1 = H1, v2 = H2, v3 = H3, v4 = C˜p, we can express the bilinear



















F (H1 +H2, H1 +H2) = (H1 +H2).(H1 +H2)
= H1.H1 +H2.H2 + 2H1.H2
> 0.
Therefore,
max{dimW ′|W ′ ⊂W subspace where F |W ′ is positive definite } = 1.
By picking an orthonormal basis {w1, w2, w3, w4} of W relative to F , we see that there exists a
matrix A ∈ GL4R such that 
1 0 0 0
0 −1 0 0
0 0 −1 0





2 − 12 = detM
= det

1 0 0 0
0 −1 0 0
0 0 −1 0







2 ≤ 0, which means C˜p
2
= 0 as claimed.
Therefore h0(C˜p) ≥ 2 (as C˜p and C˜q are independent sections), and by taking s1, s2 ∈ H0(OS˜(C˜p))
such that Z(s1) = C˜p and Z(s2) = C˜q. The linear system given by [OS˜(C˜p), s1, s2] is base-point
free (as Z(s1) ∩ Z(s2) = ∅), and therefore defines a morphism
ψ : S˜ −→ P1.
We recall the following theorem by Noether and Enriques:
Theorem. (Noether-Enriques) Let f : S → C be a morphism from a surface S to a curve C such
that S is a smooth on a fiber F (ie F = f−1(p) for some closed point p of C) and F ∼= P1. Then
there is an open set U ⊂ C over which S is a trivializable P1 bundle.
For the morphism ψ : S˜ −→ P1, there is a fiber of ψ that is C˜p. Note that ϕ : S˜ → P1×P1×P1
maps C˜p birationally to its image Cp. As Cp is assumed to be an irreducible type 1-1-1 curve in
P1 × P1 × P1, we have that
C˜p Cp





and pr1 ◦ ϕ maps C˜p birationally to P1, which means C˜p ∼= P1 as the arithmetic genus of C˜p is no
lower than 0. Therefore ψ : S˜ → P1 satisfies the hypothesis of Noether-Enriques, and we conclude
that over some open U ⊂ P1, S˜ is a trivial P1 bundle. In particular we know that S˜ is birational to
P1 × P1, and is a rational surface.
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If every fiber of ψ is isomorphic to P1, then S˜ is a ruled surface over P1. Then by Tsen’s
Theorem, ψ : S˜ → P1 admits a section C0 ∼= P1, and the Picard group
Pic(S˜) ∼= Z⊕ ψ∗PicP1,
where Z is generated by C0. In particular this implies that rank V = rank NumRS˜ ≤ 2. However,
W ⊂ V spanned by H1, H2, H3, C˜p already has rank 4, as
det

0 2 2 1
2 0 2 1
2 2 0 1
1 1 1 0

6= 0
. Hence some fiber of ψ must not be isomorphic to P1. Let D be a divisor of S˜ that corresponds to
such a “broken” fiber (in particular D ∈ |C˜p|). By decomposing D into its irreducible components,
we may write D =
∑
niCi, where each Ci is an irreducible component of D, and each ni ∈ Z is
positive. We will verify the following claim.
Claim 4.1.6. Ci ∼= P1 for each i.
Proof. Let KS˜ be the canonical divisor of S˜. Let Ci be one of the irreducible and reduced compo-
nents of D. By the Adjunction Formula:
Ci.(Ci +KS˜) = 2gCi − 2,
where gCi = 1− χ(OCi) = h1(OCi) (as Ci is assumed to be reduced).
To prove the claim it suffices to show that
Ci.(Ci +KS˜) ≤ −2, (4.2)
which would imply that h1(OCi) ≤ 0, and hence = 0, and Ci ∼= P1.
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We also recall the Riemann-Roch Theorem for divisors of a smooth surface:
Theorem. If D is a divisor on a smooth surface S, and K is the canonical divisor of S, then
h0(OS(D))− h1(OS(D)) + h2(OS(D)) = 1
2
D.(D −K) + 1 + pa(S),
where pa(S) = χ(OS)− 1.
Because S˜ is a rational surface, we know that pa(S˜) = pa(P2) (as pa is a birational invariant),
which is quickly verified to be 0.
After applying the Riemann-Roch Theorem to S˜ and the divisor KS˜ + Ci, we conclude that








(KS˜ + Ci).Ci + 1
Claim 4.1.7. h0(KS˜ + Ci) = 0.
Proof. Assume h0(KS˜ +Ci) 6= 0. Thus KS˜+Ci is an effective divisor, and as a result KS˜ + C˜p is an
effective divisor as well (because Ci is a component of some divisor in |C˜p|). Let T ∈ |KS˜ + C˜p|.





where n > 0 and mi > 0, and each Tj is an irreducible effective divisor which intersects C˜p properly
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(ie C˜p.Tj ≥ 0). Therefore,











However, by the Adjunction Formula, we know that
C˜p.(KS˜ + C˜p) = −2,
which contradicts the inequality above. Consequently h0(KS˜ + Ci) must be 0.
By a rearrangement of terms, we see that
1
2
(KS˜ + Ci).Ci + 1 = h
0(OS˜(KS˜ + Ci))− h1(OS˜(KS˜ + Ci)) + h2(OS˜(KS˜ + Ci))
(KS˜ + Ci).Ci = 2(h
0(OS˜(KS˜ + Ci))− h1(OS˜(KS˜ + Ci)) + h2(OS˜(KS˜ + Ci))− 1)
= −2h1(OS˜(KS˜ + Ci)) + 2h2(OS˜(KS˜ + Ci))− 2.
By Serre-duality,
h2(OS˜(KS˜ + Ci)) = h0(OS˜(KS˜ − (KS˜ + Ci))) = h0(OS˜(−Ci)).
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As Ci is an effective divisor, we conclude that h
0(OS˜(−Ci)) = 0. Therefore,
Ci.(KS˜ + Ci) = −2h1(OS˜(KS˜ + Ci)) + 2h2(OS˜(KS˜ + Ci))− 2
= −2h1(OS˜(KS˜ + Ci))− 2
≤ −2,
and the inequality stated in (4.2) is verified.
Definition 4.1.4. Now let T ∈ |C˜p| be a “broken fiber”, and we write T =
∑
i niTi, where each Ti
is an irreducible component that is smooth rational (by the proof above).
We make the following observations about the each component Ti.
Claim 4.1.8. If pi(Ti) is a point in S, then T
2
i ≤ −2.
Proof. First we assume, for the sake of contradiction, that T 2i ≥ 0. Then let ι : Ti ↪→ S˜ denote the
closed embedding. Consider the exact sequence of sheaves
0 −→ I(Ti) −→ OS˜ −→ ι∗OTi −→ 0.
Twisting by invertible sheaf OS˜(Ti) yields
0 −→ OS˜ −→ OS˜(Ti) −→ ι∗OTi ⊗OS˜(Ti) −→ 0. (4.3)
By projection formula we know that
ι∗OTi ⊗OS˜(Ti) = ι∗(OTi ⊗ ι∗OS˜(Ti)),
and
h0(ι∗OTi ⊗OS˜(Ti)) = h0(OP1(T 2i )) > 0.
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By taking the long exact sequence of (4.3) we see that
0→ H0(OS˜)→ H0(OS˜(Ti)))→ H0(ι∗OTi ⊗OS˜(Ti))→ H1(OS˜)→ ...
Since S˜ is rational, we know that H1(OS˜) = 0, and we conclude that
h0(OS˜(Ti)) = 1 + h0(ι∗OTi ⊗OS˜(Ti)) = 1 + h0(OP1(T 2i )) ≥ 2
We can find two independent global sections s1 and s2 of OS˜(Ti) such that
1. Z(s1) = Ti
2. Z(s2) intersects Ti properly.
The linear system [OS˜(Ti), s1, s2] gives a morphism from S˜ − Ti ∩ Z(s2) to P1. Any fiber F of this
morphism is rationally equivalent to Ti. As ϕ : S˜ → P1×P1×P1 is a proper morphism which maps
S˜ birationally to its image, ϕ∗F is rationally equivalent to ϕ∗Ti = 0 for any fiber F . If ϕ∗F has a
one-dimensional component, then
ϕ∗F ≡ a[pt× pt× P1] + b[pt× P1 × pt] + c[P1 × pt× pt] 6= 0,
where at least one of the integers a, b, c is positive. Hence we conclude that ϕ∗F is 0-dimensional
for all fibers F , which is a contradiction as there are only finitely many curves in S˜ that are mapped
to the singular locus of S.
If T 2i = −1, then pi : S˜ → S is not a minimal resolution of singularities, as we may factor pi
through a “blow-down” of Ti, which is smooth.
Therefore T 2i ≤ −2 as claimed.
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Claim 4.1.9. pi(Ti) is not a 1-1-1 curve in P1×P1×P1 for any component Ti of the “broken fiber”
T .
Proof. Assume that T1 is a component of T such that pi(T1) is a type 1-1-1 curve in P1 × P1 × P1.
A proper pushforward of rationally equivalent one-cycles via ϕ gives















Hence n1 = 1, and ϕ∗Ti is a point for each i ≥ 2. From the previous claim we have
T 2i ≤ −2.
Since each Ti is isomorphic to P1, from the Adjunction Formula we conclude that
Ti.KS˜ = Ti.(KS˜ + Ti)− T 2i
= −2− T 2i
≥ 0
For each i ≥ 2. Similarly


















We apply the Adjunction Formula again to T1 to conclude that




Since T1 is an irreducible component of T , which, as defined in 4.4, is disjoint from any other









= T1.(T − T1)
= T1.T − T 21




On the other hand, we have that Ti.T1 ≥ 0 for each i ≥ 2, as each Ti is irreducible and intersects
T1 properly. From the inequality above, we then conclude that in fact
Ti.T1 = 0
for each i ≥ 2. Therefore the fiber T is disconnected. However, T is a fiber of the morphism given
by the linear system of C˜p, and by Noether-Enriques we know that a general fiber of the morphism
ψ : S˜ → P1 is isomorphic to P1, and therefore connected. By “Principal of Connectedness”([5, III,
Ex.11.4]) T must be connected as well, which is a contradiction, and the claim follows.
As ϕ∗T ≡ ϕ∗C˜p ≡ [pt × pt × P1] + [pt × P1 × pt] + [pt × pt × P1], we conclude that for each
irreducible component Ti of T ,
ϕ∗Ti ≡ a[pt× pt× P1] + b[pt× P1 × pt] + c[pt× pt× P1],
where each one of a, b, and c is either 0 or 1. The claim eliminates the possibility that a, b, and c
are all 1.
We list all the possibilities for pi(Ti) as a cycle in the Chow Group of P1 × P1 × P1:
1. pi(Ti) is P1 × pt× pt, pt× P1 × pt, or pt× pt× P1, and in this case we will call Ti a Type-I
component of T .
2. pi(Ti) is an irreducible type 0-1-1, 1-0-1, 1-1-0 rational curve in P1 × P1 × P1, and in this case
we will call Ti a Type-II component of T .
3. pi(Ti) is a point, and in this case we will call Ti a Type-III component of T .




Proof. As Tj is a smooth rational curve, if T
2
j ≥ 0, then consider the SES
0→ OS˜ → OS˜(Tj)→ OTj (T 2j )→ 0.
Since S˜ is a smooth rational surface, h1(OS˜) = 0, so
h0(OS˜(Tj)) ≥ 2.
Therefore we can find infinitely many T ′j such that T
′
j 6= Tj , and T ′j ≡ Tj . Therefore S contains
infinitely many rational curves of type 1-1-0, 1-0-1, 0-1-1, 1-0-0, 0-1-0, or 0-0-1, and this is a
contradiction of Lemma 4.1.2.
Claim 4.1.11. If D ↪→ S˜ is a smooth rational curve and D2 ≤ −2, then D.KS˜ ≥ 0.
Claim 4.1.12. For some Type-I component Ti of T , T
2
i = −1.
Proof. Note that the “broken fiber” T cannot contain more than two Type-II components, and
consequently it must contain at least one Type-I component.
Note that
T.KS˜ = C˜P .KS˜
= −2.
We see that every Type-III component of T intersects KS˜ non-negatively since if T
′ is a Type-III
component, then T ′2 ≤ −2. Since pi∗T is a type 1-1-1 one-cycle in P1 × P1 × P1, each Type-I or
Type-II component of T does not have a multiplicity in T . Therefore, at least two different Type-I
or Type-II components of T , denoted by Ti and Tj , must have Ti.KS < 0 and Tj .KS < 0. But
T 2i < 0 and T
2
j < 0 from Claim 4.1.10. Therefore Ti.KS = −1 and Tj .KS = −1, or equivalently
T 2i = −1 and T 2j = −1. But T contains at most one Type-II component, so at least one of Ti, Tj
is a Type-I component. The claim follows by selecting the Type-I Component from Ti, Tj .
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By changing the indices and applying a permutation automorphism of P1×P1×P1 if necessary,
we assume, without loss of generality, that the irreducible component T1 has the property that
T 21 = −1 and
ϕ∗T1 = P1 × p2 × p3,
where p2 and p3 are closed points of P1. Let pr1, pr2, and pr3 be projection morphisms from
P1 × P1 × P1 → P1.
Definition 4.1.5. T1 is a Type-I component of T with T
2
1 = −1, and its image pi(T1) in S is a
type 1-0-0 curve.
Since
ϕ∗T ≡ [P1 × pt× pt] + [pt× P1 × pt] + [P1 × pt× pt],
we conclude that for any other component Ti where i 6= 1,
pr1∗(ϕ∗Ti) = 0,
or equivalently ϕ∗Ti is contained in a fiber of pr1 for every i 6= 1.
Recall that H1, H2, and H3 are divisors of S˜ that are fibers of pr1 ◦ ϕ, pr2 ◦ ϕ, and pr3 ◦ ϕ
respectively.
S˜ S




Thus, the divisor H1−Ti is an effective divisor (h0(H1−Ti) > 0) on S˜ for each i 6= 2. Consider
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the sequence of divisors {nH1 + T1 − C˜p|n ∈ N}. For a sufficiently large m, the divisor
mH1 + T1 − C˜p ≡ mH1 + T1 − T













is effective. Fix a sufficiently large integer m, and pick some effective divisor D ∈ |mH1 +T1− C˜p|.
We claim and verify that T1 is not an irreducible component of D below:
Claim 4.1.13. T1 is not an irreducible component of any section of |mH1 + T1 − C˜p| for any m.
Proof. Note that pr1◦ϕ : T1 → P1 and pr1◦ϕ : C˜p → P1 are both degree one morphisms. Therefore,
pr1∗ϕ∗(mH1 + T1 − C˜p) = mpr1∗ϕ∗(H1) + pr1∗ϕ∗T1 − pr1∗ϕ∗C˜p
= [P1]− [P1]
= 0.
However, pr1∗ϕ∗T1 = [P1] 6= 0. Therefore T1 cannot be an irreducible component of any global
section of the divisor mH1 + T1 − C˜p.
The effective divisor D + C˜p is therefore equivalent to mH1 + T1. Since C˜p is disjoint from T1,
and T1 is not an irreducible component of D, we conclude that T1 is not a component of D + C˜p.
As the divisor T1 is clearly effective, we have an exact sequence of sheaves
0→ OS˜ → OS˜(T1)→ OS˜(T1)/OS˜ → 0,
where the morphism OS˜ → OS˜(T1) is given by the global section t ∈ H0(OS˜(T1)) whose zero-locus
66
is T1. By twisting by the invertible sheaf OS˜(mH1) we arrive at
0→ OS˜(mH1)→ OS˜(mH1 + T1)→ OS˜(T1)/OS˜ ⊗OS˜(mH1)→ 0,
where the injective morphism of sheaves OS˜(mH1) ↪→ OS˜(mH1 + T1) induced by ⊗t gives a map
from σ : H0(mH1)→ H0(mH1 + T1), s 7→ s⊗ t.
Claim 4.1.14. Any global section s′ ∈ H0(mH1 +T1) that is in the image of σ must vanish on T1.
Proof. Let p be any closed point of T1. It suffices to check that s⊗ t ∈ H0(mH1 + T1) vanishes at
p for any s ∈ H0(mH1). Let V ⊂ S˜ be an affine open containing p such that
1. OS˜(mH1)(V ) is principally generated over OS˜(V )
2. OS˜(T1)(V ) is principally generated over OS˜(V )
3. OS˜(mH1 + T1)(V ) = OS˜(mH1)(V )⊗OS˜(V ) OS˜(T1)(V ).
Consequently, since t ∈ H0(OS˜(T1)), we have that t|V ∈ mpOS˜(T1)(V ), where mp is the maximal
ideal of OS˜(V ) corresponding to p. Therefore, for any s ∈ H0(mH1),
(s⊗ t)|V = s|V ⊗ t|V
∈ OS˜(mH1)(V )⊗OS˜(V ) mpOS˜(T1)(V )
∈ mpOS˜(mH1)(V )⊗OS˜(V ) OS˜(T1)(V )
∈ mpOS˜(mH1 + T1)(V ).
Therefore s⊗ t vanishes at p. As p is arbitrary, Z(s⊗ t) contains T1 as a component.
However, note that if D ∈ |mH1 + T1 − C˜p| is an effective divisor, then
D + C˜p ≡ mH1 + T1.
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We can conclude that D+C˜p ∈ |mH1 +T1| corresponds to a global section s′ ∈ H0(OS˜(mH1 +T1)),
such that Z(s′) = D+C˜p. From Claim 4.4, we know that T1 is a not a component of D, and therefore
T1 is not a component of D+ C˜p (as T1 is also disjoint from C˜p). By the previous claim we see that
the map σ : H0(OS˜(mH1)) ↪→ H0(OS˜(mH1 + T1)) is not surjective. Therefore we conclude that
for all m sufficiently large,
H0(OS˜(mH1 + T1)) > H0(OS˜(mH1)). (4.4)
However, we will also prove that in fact, H0(OS˜(mH1 + T1)) = H0(OS˜(mH1)). The equality
will be proven by separately computing their dimensions.
Claim 4.1.15. For all m > 0, h0(OS˜(mH1)) = m+ 1.
Proof. Pick n distinct smooth fibers E1, E2, ..., En in |H1| on S˜. Each Ei is a smooth type 2-2





Ei)→ OS˜ → OunionsqiEi → 0.
Twist by OS˜(nH1) gives
0→ OS˜ → OS˜(nH1)→ OunionsqiEi(nH1|unionsqiEi)→ 0.
Now by choosing a section of |nH1| whose zero-locus is disjoint from unionsqiEi, we see that h0(OunionsqEi(nH1|unionsqiEi)) =
h0(OunionsqEi) = n. Taking the long exact sequence of the short exact sequence of sheaves from above
gives
0→ h0(OS˜)→ h0(OS˜(nH1))→ h0(OunionsqiEi)→ h1(OS˜) = 0.
Therefore h0(OS˜(nH1)) = n+ 1.
Claim 4.1.16. For all m > 0, h0(OS˜(mH1 + T1) = m+ 1.
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Proof.
0→ OS˜ → OS˜(T1)→ OP1(T 21 )→ 0.
gives
0 = H1(OS˜)→ H1(OS˜(T1))→ H1(OP1(−1)) = 0,
and therefore h1(OS(T1)) = 0. Moreover we have
0→ H0(OS˜)→ H0(OS˜(T1))→ H0(OP1(−1)) = 0,
so h0(OS(T1)) = 1.
Pick E1, E2, ..., En disjoint smooth fibers in |H1|. In particular each Ei is a type 2-2 smooth
curve of P1 × P1, which means each Ei is an elliptic curve. The ideal sheaf of the disjoint union
unionsqiEi is the invertible sheaf OS˜(−nH1). Consider the exact sequence given by the ideal sheaf of
unionsqiEi:
0→ OS˜(−nH1)→ OS˜ → OunionsqiEi → 0.
Twisting by OS˜(nH1 + T1) yields
0→ OS˜(T1)→ OS˜(nH1 + T1)→ OunionsqiEi(unionsqi(Ei ∩ (T1)))→ 0.
By taking the long exact sequence of cohomology groups we get
0→ H0(OS˜(T1))→ H0(OS˜(nH1 + T1))→ H0(OunionsqiEi(unionsqi(Ei ∩ (T1))))→ H1(OS˜(T1)) = 0.
Since Ei.T1 = H1.T1 = deg(T1 · [pt× P1 × P1]) = 1, we can let Pi := Ei ∩ T1 be the unique point of
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intersection. Therefore







(h1(OEi(Pi)) + 1 + 1− gEi)
= n,
and we conclude
h0(OS˜(nH1 + T1)) = h0(OS˜(T1)) + h0(OunionsqiEi(unionsqi(Ei ∩ (T1))))
= n+ 1.
Consequently h0(OS˜(mH1)) = h0(OS˜(mH1 + T1)), which is a contradiction of (4.4). This
concludes the proof of Theorem 4.1, since our assumptions lead to a contradiction.
4.5 Type 7-7-7 Curves of Arithmetic Genus 19
Now we will prove the following result:
Theorem 4.2. If X ↪→ P1×P1×P1 is a curve of arithmetic genus 19 such that for each pri : X → P1
has degree 7, then X is not contained in an irreducible surface of type 2-2-2.
We introduce a lemma that will help us prove that in the arithmetic genus 19 case, the conditions
stated in the hypothesis of Theorem 4.1 are satisfied.
Lemma 4.2.1. Let X be a type 7-7-7 curve in P1×P1×P1. Let D1, D2, D3 be fibers of pr1 : X → P1,
pr2 : X → P1, and pr3 : X → P1, respectively, so that each Di is supported on distinct regular
points of X. If h0(OX(2(D1 +D2 +D3)) ≤ n, then
dimk{s ∈ OP1×P1×P1(2, 2, 2)|X ⊂ Z(s)} ≥ 27− n.
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Proof. Let X, D1, D2, D3 be the objects given in the hypothesis of Lemma 4.2.1. By using the
Segre embedding P1 × P1 × P1 ↪→ P7, we can consider X ↪→ P1 × P1 × P1 as a closed subvariety of
P7. Let IX be the ideal sheaf of X in P7, and we have the short exact sequence
0 −→ IX(2) −→ OP7(2) −→ OX(2) −→ 0.
We have the left exact sequence
0 −→ H0(IX(2)) −→ H0(OP7(2)) −→ H0(OX(2)),
from which we conclude H0(OP7(2)) − H0(IX(2)) ≤ H0(OX(2)). Furthermore, by a well-known







As OX(2(D1 +D2 +D3)) = OX(2), we can use our hypothesis on h0(OX(2(D1 +D2 +D3))) ≤ n
to show the inequality below.
h0(OP7(2))− h0(IX(2)) ≤ h0(OX(2))
≤ n.
h0(OP7(2))− h0(IX(2)) ≤ n
36−H0(IX(2)) ≤ n
H0(IX(2)) ≥ 36− n
h0(OP7(2)) −→ h0(OP1×P1×P1(2)) −→ 0,
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and this gives the short exact sequence
0 −→ H0(IP1×P1×P1(2)) −→ H0(OP7(2)) −→ H0(OP1×P1×P1(2)) −→ 0.
Since h0(OP1×P1×P1(2)) = (2 + 1)3 = 27, we get that h0(IP1×P1×P1(2)) = 36− 27 = 9. Therefore
dimk{s ∈ OP1×P1×P1(2, 2, 2)|X ⊂ Z(s)} = h0(IX(2))− 9
≥ 27− n
In the case where the arithmetic genus of X is 19, we can use the Riemann-Roch Theorem (for
singular curves) and Clifford’s Theorem to obtain an exact value for h0(OX(2(D1 + D2 + D3))).
By Riemann-Roch,
h0(OX(2)) = h0(OX(2(D1 +D2 +D3)))
= h1(OX(2(D1 +D2 +D3))) + 42 + 1− 19
= h1(OX(2(D1 +D2 +D3))) + 24
≥ 24.
However, by Clifford’s theorem, if h1(OX(2(D1 +D2 +D3))) 6= 0, then h0(2(D1 +D2 +D3)) ≤
deg(2(D1+D2+D3))/2+1 = 22, which is a contradiction. Therefore h
1(OX(2(D1+D2+D3))) = 0,
and
h0(OX(2(D1 +D2 +D3)) = 24.
We apply Lemma 4.2.1 to see that in the case when pa(X) = 19, there are at least three
independent sections s0, s1, s2 of OP1×P1×P1(2, 2, 2) that contain X. If X is contained an integral
surface of type 2-2-2, then some member of the linear system of divisors generated by s0, s1, s2 has
irreducible and reduced zero locus. Without loss of generality assume that member is s0, and this
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directly contradicts Theorem 4.1. Consequently we have proven Theorem 4.2.
Remark. The impossibility of a construction of a type 7-7-7 curve with arithmetic genus 19 on
a smooth K3 surface of type 2-2-2 is particularly shocking. Indeed, one method of determining
whether such a construction is possible for a given choice of pa is to compute the determinant of

0 2 2 7
2 0 2 7
2 2 0 7
7 7 7 2pa − 2

. (4.5)
If S ↪→ P1 × P1 × P1 is a smooth K3 surface of type 2-2-2, then let hi be fibers of projection
pri : S → P1. Let X be a type 7-7-7 curve contained in S. The intersection product restricted
to the sub-lattice generated by h1, h2, h3, and X gives the matrix in (4.5), where the entries are
pairwise intersection numbers between the generators. As shown in the proof of Theorem 4.1, the
determinant of the matrix in (4.5) is negative. This strategy provides an upper bound for the
arithmetic genus of a type 7-7-7 curve X that lies on a smooth K3 surface of type 2-2-2. One can
verify via a computer program that the determinant of the matrix in (4.5) is
32pa − 620.
Therefore 19 is the highest arithmetic genus which satisfies the constraint derived from the Hodge-
Index Theorem. Theorem 4.2 strangely removes 19 as a possibility.
4.6 Arithmetic Genus ≥ 21 type 7-7-7 Curves
Theorem 4.3. If the arithmetic genus pa of an irreducible type 7-7-7 curve X ↪→ P1 × P1 × P1
satisfies pa ≥ 21, then X is contained in some type 1-1-1 surface of P1 × P1 × P1.
Proof. Let X ↪→ P1 × P1 × P1 be a type 7-7-7 curve whose arithmetic genus pa is at least 21. By
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Riemann-Roch on a singular curve, we obtain
h0(OX(2(D1 +D2 +D3))) = h1(OX(2(D1 +D2 +D3))) + 42 + 1− pa
≤ h1(OX(2(D1 +D2 +D3))) + 43− 21
≤ h1(OX(2(D1 +D2 +D3))) + 22
If h1(OX(2(D1 +D2 +D3))) = 0, then
h0(OX(2(D1 +D2 +D3))) ≤ 22.
If h1(OX(2(D1 +D2 +D3))) 6= 0, then by Clifford’s Theorem we have
h0(OX(2(D1 +D2 +D3))) ≤ deg(2(D1 +D2 +D3))/2 + 1 = 22.
Therefore
h0(OX(2(D1 +D2 +D3))) ≤ 22
in all cases.
From Lemma 4.2.1, we can conclude that
dimk{s ∈ H0(OP1×P1×P1(2, 2, 2)|X ⊂ Z(s)} ≥ 5. (4.6)
We claim that there is a type 1-1-1 divisor D that is contained in base-locus of the linear system
generated by those sections described above. Indeed, Theorem 4.1 implies that there cannot be an
irreducible 2-2-2 surface containing X. Let S′ be an irreducible component of type (a, b, c) of some
section of H0(OP1×P1×P1(2, 2, 2)) containing X, where at least of one a, b, c is less than 2.
Claim 4.3.1. If s is any section of H0(OP1×P1×P1(2, 2, 2)) with Z(s) containing X, then Z(s)
contains S′.
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Proof. Note that Z(s) cannot intersect S′ properly, as their intersection product is given by
Z(s) · S′ ≡ (a[pt× P1 × P1] + b[P1 × pt× P1] + c[P1 × P1 × pt]) · S
≡ ((2b+ 2c)[P1 × pt× pt] + (2a+ 2c)[pt× P1 × pt] + (2a+ 2b)[pt× pt× P1]).
At least one of 2b + 2c, 2a + 2c, and 2a + 2b is less than 7, so X cannot be a component of the
intersection S · S′′. As S′ is irreducible, we conclude that Z(s) contains S′.
We will count the dimension of sections of OP1×P1×P1(2, 2, 2) with the desired properties. The
type (a, b, c) divisor S′ is a global section of H0(OP1×P1×P1(a, b, c)), so it gives an injective morphism
of sheaves
0→ OP1×P1×P1 → OP1×P1×P1(a, b, c).
Twisting by OP1×P1×P1(2− a, 2− b, 2− c) produces
0→ OP1×P1×P1(2− a, 2− b, 2− c)→ OP1×P1×P1(2, 2, 2).
We know that each one of a, b, c is nonzero, as the type (a, b, c) irreducible component S′ contains
the type 7-7-7 curve X.
Note that if at least one of a, b, c is 2, then by Kunneth’s Formula
h0(OP1×P1×P1(2− a, 2− b, 2− c)) = h0(OP1(2− a))h0(OP1(2− b))h0(OP1(2− c))
≤ 4.
Therefore,
dimk{s ∈ H0(OP1×P1×P1(2, 2, 2))|S′ ⊂ Z(s)} ≤ 4.
However this is a contradiction of (4.6). Therefore we can conclude that in reality each one of a, b, c
is less than 2, which concludes the proof of Theorem 4.3.
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4.7 A Type 7-7-7 Curve With Arithmetic Genus 17 and Go-
nality 7
We will construct a smooth K3 surface S ↪→ P1 × P1 × P1 of type 2-2-2 which contains a smooth
curve X of genus 17, and the degree of each projection morphism pri : X → P1 is 7. We shall
provide a brief outline of the construction below.
Outline. The surface S will take the form of Az20 − Bz21 , where A and B are in H0(OP1×P1(2, 2)),
and z0, z1 are coordinates on P1. Let h1, h2, and h3 be divisors corresponding to the projections
pri : S → P1. The surface S will automatically admit an involution σ : S → S given by [z0 : z1] 7→
[z0 : −z1]. We will pick A and B such that Z(A) ∩ Z(B) = unionsq8i=1Pi, that is, Z(A) intersects Z(B)
transversely in eight distinct points. Let Ei := Pi × P1 ⊂ S. We will find two smooth rational
curves C1 and C2 on this K3 surface such that
1. C1 + σC1 = h1
2. C2 + σC2 = h2
3. C1.C2 = 1.
We will use C1 and C2 to build a type 7-7-7 curve X in S. Note that since pr12 : X → P1 × P1
should map X birationally to its image, pr12 will map σX to the same image. If such an X is
constructed, we will have X + σX +
∑
niEi = 7h1 + 7h2, where
∑
ni = 14. Therefore if we could
construct a divisor D such that




and if |D| contains a smooth and connected section, then we will have such an X. Let E := C1 +C2,
which means σE + E = h1 + h2. It turns out the divisor h1 + h2 + 2h3 + E + E8 will satisfy the
relation for D given by (4.7). X will be constructed as a smooth and connected section of this
divisor.
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We begin the construction. Let [w : x : y : z] be the projective coordinates on P3, and we may
identify the quadric V (wz − xy) with P1 × P1 via the Segre embedding ι : P1 × P1 → P3,
[x0 : x1]× [y0 : y1] 7→ [x0y0 : x1y0 : x0y1 : x1y1].
Claim 4.3.2. The linear system ι∗(w2+2wy+y2), ι∗(yz+xz), ι∗(z2) (as global sections of OP1×P1(2, 2))
has base points only at [1 : 0]× [1 : −1] and [0 : 1]× [1 : 0].
Proof. Note that Z(w2 + 2wy + y2) ∩ Z(z2) is set-theoretically [w : x : −w : 0]. In the surface
wz−xy = 0, either w = 0 or x = 0. Therefore ι∗(w2 + 2wy+y2), ι∗(yz+xz), ι∗(z2) has base points
only at either [0 : 1 : 0 : 0] or [1 : 0 : −1 : 0], and the claim follows.
From Bertini’s Theorem (in characteristic 0), we know that a general member
ι∗(a(w2 + 2wy + y2) + b(yz + xz) + cz2)
is nonsingular away from {[1 : 0]× [1 : −1], [0 : 1]× [1 : 0]}. In fact we will verify that for a general
choice of a, b, c ∈ k, the curve given by ι∗(a(w2+2wy+y2)+b(yz+xz)+cz2) is a smooth curve of type
(2, 2). It suffices to check that for a general choice of a, b, c, ι∗(a(w2 + 2wy+ y2) + b(yz+xz) + cz2)
is smooth at [1 : 0]× [1 : −1] and [0 : 1]× [1 : 0].
Claim 4.3.3. For b 6= 0, ι∗(a(w2 + 2wy+ y2) + b(yz+ xz) + cz2) is smooth at [1 : 0]× [1 : −1] and
[0 : 1]× [1 : 0].
Proof. We check smoothness at each point affine-locally. For the point [0 : 1] × [1 : 0], we use the
affine open (P1 − [1 : 0]) × (P1 − [0 : 1]). Using s = x0/x1, t = y1/y0, the curve ι∗(a(w2 + 2wy +
y2) + b(yz + xz) + cz2) is locally given by
k[s, t]/(a(s2 + 2s2t+ s2t2) + b(st2 + t) + ct2),
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and the local ring at [0 : 1]× [1 : 0] is
k[s, t](s,t)/(a(s
2 + 2s2t+ s2t2) + b(st2 + t) + ct2).
Clearly for b 6= 0 (a(s2 + 2s2t + s2t2) + b(st2 + t) + ct2) /∈ (s, t)2. Similarly to check smoothness
at [1 : 0]× [1 : −1], we can use s = x1/x0, t = y1/y0 to see that the local equation of the curve in
(P1 − [0 : 1])× (P1 − [0 : 1]) is given by
k[s, t]/(a(1 + 2t+ t2) + b(st2 + s2t) + cs2t2),
and the local ring at [1 : 0]× [1 : −1] is
k[s, t](s,t+1)/(a(1 + 2t+ t
2) + b(st2 + s2t) + cs2t2).
If b 6= 0, then bst2 /∈ (s, t+ 1)2, so a(1 + 2t+ t2) + b(st2 + s2t) + cs2t2) /∈ (s, t+ 1)2. Therefore the
curve is smooth at both of these points if b 6= 0.
By symmetry we can also find some a′, b′, c′ ∈ k such that the curve
ι∗(a′(w2 + 2wx+ x2) + b′(yz + xz) + c′z2)
is smooth. Moreover the curve ι∗(a′(w2 +2wx+x2)+b′(yz+xz)+c′z2) does not pass through {[0 :
1]× [1 : 0], [1 : 0]× [1 : −1]} because ι∗(w2 +2wx+x2), ι∗(w2 +2wy+y2), ι∗z2, ι∗(yz+xz) is a base-
point free linear system. Let A ∈ H0(OP1×P1(2, 2)) denote ι∗(a′(w2 +2wx+x2)+b′(yz+xz)+c′z2).
Based on the anaylsis above, we conclude that
1. Z(A) is smooth.
2. Z(A) is contained in P1 × P1 − {[0 : 1]× [1 : 0], [1 : 0]× [1 : −1]}
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Since the linear system given by w2 + 2wy + y2, yz + xz, z2 defines a morphism
P1 × P1 − {[0 : 1]× [1 : 0], [1 : 0]× [1 : −1]} → P2,
by Bertini’s Theorem we can define B := ι∗(a(w2 +2wy+y2)+b(yz+xz)+cz2) ∈ H0(OP1×P1(2, 2))
such that
1. Z(A) intersects Z(B) transversely, that is the intersection multiplicity is 1 at every point of
intersection
2. Z(B) is also smooth.
Definition 4.3.1. Let z0, z1 be a basis of H
0(OP1(1)). We see that Az20−Bz21 ∈ H0(OP1×P1(2, 2))⊗
H0(OP1(2)) → H0(OP1×P1×P1(2, 2, 2)), and let S := Z(Az20 − Bz21) ⊂ P1 × P1 × P1 be the surface
given by the equation Az20 −Bz21 . More specifically, S is cutout by the equation
(a′(w2 + 2wx+ x2) + b′(yz + xz) + c′z2)z20 − (a(w2 + 2wy + y2) + b(yz + xz) + cz2)z21 .
We will verify that S is a smooth k3 surface below:
Lemma 4.3.1. S := Z(Az20 −Bz21) is a smooth subvariety of P1 × P1 × P1.
Proof. Note that Z(A) and Z(B) are each smooth, reduced, and connected (as every type 2-2 divisor
of P1 × P1 is connected). Therefore Az20 − Bz21 cuts out a connected scheme. If Z(Az20 − Bz21) is
smooth then it will be integral. We will check that Z(Az20 − Bz21) ⊂ P1 × P1 × P1 is smooth at
every closed point. Using z0, z1 as the projective coordinates on the third component of the product
P1 × P1 × P1, we see that the projection onto first two components pr12 : Z(Az20 −Bz21)→ P1 × P1
is generically finite of degree 2. Since the discriminant is given by 4AB, for any p ∈ Z(Az20 −Bz21)
with pr12(p) /∈ Z(A) ∪ Z(B), pr12 : S → P1 × P1 is etale at p, and therefore S is smooth at p. The
intersection product Z(A).Z(B) = 8, and let P1, ..., P8 ∈ P1 × P1 be the eight distinct points in
the intersection of Z(A) and Z(B). Now consider a closed point in S of the form p× [1 : 0], where
p ∈ Z(A). If U ⊂ P1 × P1 is an affine open containing p, then locally in U × (P1 − [0 : 1]) S is cut
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out by A|U −B|Uz2. Since z2 ∈ m2p×[1:0], where mp×[1:0] is the maximal ideal of OP1×P1×P1,p×[1:0],
and A|U /∈ m2p×[1:0] as A is smooth at p, we have that S is smooth at p× [1 : 0]. By symmetry the
same argument shows that S is smooth at [0 : 1]× p for any p ∈ Z(B). Finally Az20 −Bz21 will have
a non-vanishing ∂/∂z at any point of Pi × (P1 − {[1 : 0], [0 : 1]}). Therefore S is smooth.
As S is a smooth type 2-2-2 surface in P1 × P1 × P1, by the adjunction formula we see that
ωS ∼= OS . In addition H1(OS) = 0, so S is a K3 surface. Note that by setting y = z = 0 and
x = z = 0 respectively, we obtain
pr∗12(P1 × [1 : 0]) = Z(a′(w + x)2z20 − aw2z21) ∩ P1 × P1 × P1
pr∗12([1 : 0]× P1) = Z(a′w2z20 − a(w + y)2z21) ∩ P1 × P1 × P1
Note that both Z(a′(w + x)2z20 − aw2z21) and Z(a′w2z20 − a(w + y)2z21) are both reducible in
P3 × P1. For a′ 6= 0 and a 6= 0 (as a, a′ can be chosen on an open in A1/k), the components
Z(
√
a′(w + x)z0 ±
√




a′(x0 + x1)z0 ±
√
a(x0)z1),





a(w + y)z1) ∩ P1 × P1 × P1
are also irreducible. Therefore the fiber of pr1 : S → P1 at [1 : 0] and the fiber of pr2 : S → P1 at
[1 : 0] are both reducible whose irreducible components are type 1 − 1 curves. Let σ : S → S be







Let C1 be one of the irreducible components of pr
∗
12([1 : 0]×P1), and consequently σC1 is the other
irreducible component of pr∗12([1 : 0] × P1). Similarly let C2 be one of the irreducible components
of pr∗12(P1 × [1 : 0]).
Let h1, h2, h3 be fibers of the projections pri : S → P1.
By construction,
h1 ≡ pr∗i [1 : 0]
= pr∗12([1 : 0]× P1)
= C1 + σC1,
and similarly
h2 ≡ C2 + σC2.
Claim 4.3.4. C1.C2 ≥ 0 and C1.σC2 ≥ 0.
Proof. Since C1, C2, and σC2 are each irreducible, it suffices to check that they don’t pairwise
overlap. However, C2 ⊂ P1 × [1 : 0] × P1 and C1 ⊂ [1 : 0] × P1 × P1, so their intersection is
contained in [1 : 0]× [1 : 0]× P1. But we have seen that C1, C2 are each irreducible, and therefore
their intersection cannot contain the entire component [1 : 0] × [1 : 0] × P1. We conclude that C1
intersects C2 and σC2 each properly.
We have the following intersection numbers (same as in Claim 4.1.3):
1. h2i = 0 for each i
2. hi.hj = 2 for i 6= j




2C1.h2 = C1.h2 + σC1.h2
= (C1 + σC1).h2
= h1.h2
= 2,
so we conclude that C1.h2 = 1.
Therefore
C1.(C2 + σC2) = C1.h2 = 1.
As both C1.C2 ≥ 0 and C1.C2 ≥ 0, by replacing C2 with σC2 if necessary, we will assume (without
loss of generality) that
C1.C2 = 1. (4.8)
Claim 4.3.5. h1(OS(h3)) = 0 and h0(OS(h3) = 2.
Proof. If T is a smooth connected fiber of pr3, then T is an elliptic curve, and we have
0 −→ OS(−h3) −→ OS −→ OT −→ 0.
Twisting by OS(h3) gives
0 −→ OS −→ OS(T ) −→ OT (T ∩ T ′) −→ 0, (4.9)
where T ′ is a different fiber of pr3, and consequently T ∩ T ′ = as they are disjoint. Thus
0 −→ OS −→ OS(T ) −→ OT −→ 0.
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By taking the long exact sequence, we obtain that
0 = H1(OS)→ H1(OS(T ))→ H1(OT )→ H2(OS)→ H2(OS(T )).
First we see that h1(OT ) = 1 and h2(OS) = 1. By Serre-duality, H2(OS(T )) = H0(OS(−T )).
Since h1 + h2 + h3 is a very ample divisor of S,
(h1 + h2 + h3).(−T ) = −h3.(h1 + h2) = −4 < 0.
Therefore we conclude that −T is not effective and H0(OS(−T )) = 0. Hence H1(OS(T )) =
H1(OS(h3)) = 0. Using the same exact sequence in (4.9), we get
0→ H0(OS)→ H0(OS(T ))→ H0(OT )→ H1(OS) = 0.
Therefore
h0(OS(h3)) = h0(OS(T ))
= h0(OS) + h0(OT )
= 2.
Before we proceed with the construction, we will list a few facts about the intersection numbers
of C1, C2 with hi’s that are quickly verifiable.
Lemma 4.3.2.
1. Ci.hi = 0 for i = 1, 2.
2. Ci.hj = 1 if i, j ∈ {1, 2} and i 6= j.
3. C2i = −2.
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Proof. The first part follows by moving hi to be disjoint from the fiber pr
∗
i [1 : 0]. The second
part has been verified already. As Ci is a smooth rational curve, the third part follows from the
adjunction formula on a K3 surface.
Now we define the divisor E := C1 + C2.
Definition 4.3.2. E = C1 + C2.
The goal is the use E to construct a very ample divisor whose “general” global sections are
smooth curves of genus 17. The lemma below includes some intersection-properties relating to E.
Lemma 4.3.3.
1. E.h1 = E.h2 = 1
2. E.h3 = 2
3. E2 = −2
Proof. Using Lemma 4.3.2, we get that
E.h1 = (C1 + C2).h1
= C1.h1 + C2.h1
= 1.
Similarly we conclude E.h2 = 1.
E.h3 = (C1 + C2).h3
= C1.h3 + C2.h3
= 1 + 1 = 2.
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Finally
E2 = (C1 + C2)
2
= C21 + 2C1.C2 + C
2
2
= −2 + 2C1.C2 +−2 (C1 and C2 are rational curves)
= −2 ( see (4.8))
We will prove the following fact about the divisor h3 + E:
Lemma 4.3.4. H1(OS(h3 + E)) = 0.
Proof. We will check that H1(OS(h3 + C1)) = 0. Consider the exact sequence
0 −→ OS(−C1) −→ OS −→ OC1 −→ 0.
By tensoring with the invertible sheaf OS(h3 + C1) we obtain
0 −→ OS(h3) −→ OS(h3 + C1) −→ OC1((h3 + C1) · C1) −→ 0.
As C1 is smooth rational (because it is an irreducible type 0-1-1 cycle),
OC1(h3.C1 + C21 ) = OC1(1− 2) by applying Lemma 4.3.2
= OP1(−1)
Taking the long exact sequence and using H1(OS(h3)) = 0 gives
0 = H1(OS(h3))→ H1(OS(h3 + C1))→ H1(OC1(−1)) = 0,
so we conclude H1(OS(h3 + C1)) = 0.
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Using the same strategy we can obtain the claim by taking the exact sequence
0 −→ OS(−C2) −→ OS −→ OC2 −→ 0.
By tensoring with invertible sheaf OS(h3 + C1 + C2) we obtain
0 −→ OS(h3 + C1) −→ OS(h3 + C1 + C2) −→ OC2((h3 + C1 + C2) · C2) −→ 0.
C2 is also smooth rational, so we still have
OC2((h3 + C1 + C2) · C2) = OP1(h3.C2 + C1.C2 + C22 ) by applying Lemma 4.3.2
= OP1(1 + C1.C2 − 2) by applying Lemma 4.3.2
= OP1(1 + 1− 2) By Equation (4.8)
= OP1 .
Taking the long exact sequence and using H1(OS(h3 + C1)) = 0 gives
0 = H1(OS(h3 + C1))→ H1(OS(h3 + C1 + C2))→ H1(OP1) = 0,
so we conclude H1(OS(h3 + E)) = H1(OS(h3 + C1 + C2)) = 0.
Claim 4.3.6. The divisor h3 + E is base-point free and h
0(OS(h3 + E)) = 3.
Proof. By applying the Riemann-Roch Theorem on the smooth k3 surface S (whose arithmetic
genus pa is χ(OS) − 1 = 1 − 0 + 1 − 1 = 1), we can compute h0(h3 + E) explicitly. Note that as
h3 + E is effective,
h2(h3 + E) = h
0(−(h3 + E)) = 0. (4.10)
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h0(OS(h3 + E))













(0 + 4− 2) + 2 (by Lemma 4.3.3)
= 3.
To see the divisor h3 + E is base-point free, note that h
0(h3) = 2, so let t1, t2 ∈ H0(OS(h3)) be a
basis. Z(t1) +E and Z(t2) +E are divisors in |h3 +E| and their common zeros are all in E. Since
h0(OS(h3 + E)) = 3, there exists a third section s such that Z(s) does not contain E. But
Z(s).E = (h3 + E).E
= h3.E + E
2
= 0.
so Z(s) and E are disjoint. Therefore the linear system given by Z(s1) + E, Z(s2) + E, and Z(s)
is base-point free.
Consequently, we have:
Claim 4.3.7. The divisor h1 + h2 + 2h3 + E is very ample.
Proof.
h1 + h2 + h3 is very ample, and h3 + E is base-point free.
Let P1, P2, ..., P8 be the eight distinct points of intersection of Z(A) and Z(B) in P1×P1. Note
that S = Z(Az20 − Bz21) contains the 0-0-1 lines of the form Pi × P1. Define E1, E2, ..., E8 be the
eight 0-0-1 lines whose image under pr12 are the Pi’s.
Claim 4.3.8. The divisor h1 + h2 + 2h3 +E +E8 is base-point free whose complete linear system
defines a morphism to PN that is birational to its image.
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Proof. Since h1 + h2 + 2h3 + E is a very ample divisor, H
1(h1 + h2 + 2h3 + E) = 0 by Kodaira’s
Vanishing Theorem. and H2(h1 + h2 + 2h3 + E) = 0.
Note that




Consider the short exact sequence
0→ OS(−E8)→ OS → OE8 → 0.
Twist by OS(h1 + h2 + 2h3 + E + E8) gives the short exact seuqnce
0→ OS(h1 + h2 + 2h3 + E)→ OS(h1 + h2 + 2h3 + E + E8)→ OE8(0)→ 0.
Taking the cohomological long exact sequence gives
0→ H0(h1 + h2 + 2h3 + E)→ H0(h1 + h2 + 2h3 + E + E8)→ k → H1(h1 + h2 + 2h3 + E) = 0.
Therefore
h0(h1 + h2 + 2h3 + E + E8) = h
0(h1 + h2 + 2h3 + E) + 1.
Hence h1 + h2 + 2h3 +E +E8 is base point free as we can find a section s such that Z(s) does not
contain E8, and therefore disjoint from E8. Moreover the complete linear system gives a morphism
which maps S birationally to its image, and this is because h1 + h2 + 2h3 + E is already very
ample.
By Bertini’s Theorem we can find a smooth and connected section of |h1 + h2 + 2h3 +E +E8|.
To show such a section is type 7-7-7 and has arithmetic genus 17, we will verify the following
intersection numbers:
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1. (h1 + h2 + 2h3 + E + E8).h1 = 7
2. (h1 + h2 + 2h3 + E + E8).h2 = 7
3. (h1 + h2 + 2h3 + E + E8).h3 = 7
4. (h1 + h2 + 2h3 + E + E8)
2 = 2 · 17− 2
Claim 4.3.9. (h1 + h2 + 2h3 + E + E8).hi = 7 for each i.
Proof. Recall that E + σE = h1 + h2. Let D := h1 + h2 + 2h3 + E + E8. Note that
D.hi = σD.σhi = σD.hi.
Therefore it suffices to to check that
(D + σD).hi = 14.
We quickly verify that
D + σD = 2h1 + 2h2 + 4h3 + (E + σE) + 2E8
= 3h1 + 3h2 + 4h3 + 2E8.
Therefore for i = 1 or 2 we have
(D + σD).hi = (3h1 + 3h2 + 4h3 + 2E8).hi
= 3(h1 + h2).hi + 4h3.hi + 2E8.hi
= 14.
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Finally we check that
(D + σD).h3 = (3h1 + 3h2 + 4h3 + 2E8).h3
= 3(h1 + h2).h3 + 4h3.h3 + 2E8.hi
= 12 + 2
= 14.
Claim 4.3.10. (h1 + h2 + 2h3 + E + E8)
2 = 32.
Proof. Let D := h1 + h2 + 2h3 + E + E8.
(h1 + h2 + 2h3 + E + E8).E = h1.E + h2.E + 2h3.E + E
2 + E.E8
= 1 + 1 + 2 · 2− 2 + 0
= 4.
Therefore
D.E = 4. (4.11)
(h1 + h2 + 2h3 + E + E8)
2 = D.(h1 + h2 + 2h3 + E + E8)
= D.h1 +D.h2 + 2D.h3 +D.E +D.E8
= 7 + 7 + 2 · 7 + 4 + 0
= 32.




In this subsection we will prove that a general X that results from the construction above is also
7-gonal. Let D1, D2, D3 be the divisors of X given by h1∩X, h2∩X, h3∩X respectively. Therefore
D1, D2, D3 are pairwise independent (as in the statement of Theorem 3.1) morphisms of degree 7.
Let F be the divisor of X that corresponds to E∩X. In particular, degD1 = degD2 = degD3 = 7,
and degF = E.(h1 + h2 + 2h3 + E + E8) = 4.
We claim that we can choose X ∈ |h1 +h2 +2h3 +E+E8| generally so that X∩E takes on three
values under pr1 : X → P1. Recall that E is defined as C1 + C2, where C1 and C2 are type 0-1-1
and 1-0-1 curves. A general hyperplane H of Ph0(L)−1, where L = OS(h1 +h2 + 2h3 +E+E8), will
intersect C1 ∪ C2 in four distinct points, such that under pr1 these four points will take on three
different values.
Definition 4.3.3. We assume that F := X ∩ E has the property that under pr1 : X → P1, the
image of F consists of three distinct points.
Remark. The motivation for this extra requirement on X will be made clear in the proof of Claim
4.3.16. In fact the extra condition in Definition 4.3.3 will only be used in the proof of Claim 4.3.16.
Remark. For convenience purposes we will use H0(D) to denote H0(OX(D)) for a divisor D on X.
Claim 4.3.11. The canonical divisor class on X is given by D1 +D2 + 2D3 + F .
Proof. Since X ↪→ S, and X is smooth, the canonical divisor of X is the pullback of h1 + h2 +
2h3 + E + E8 to X. The claim follows since E8 is disjoint from X.
Assume X is not 7-gonal, and then let D4 be a gonal morphism of degree d < 7. Let f4 : X → P1
be the gonal morphism given by D4.
Claim 4.3.12. d = 4, 5, or 6.
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Proof. As D1, D4 must give independent morphisms to P1, we have that their product map X
birationally to a type 7, d curve in P1 × P1. Therefore the genus of X is at most (7 − 1)(d − 1).
Thus
17 ≤ 6(d− 1).
We will prove the following bound on
Claim 4.3.13. h0(D1 +D2 +D3 +D4) < 13.
Before we prove Claim 4.3.13, we will first show a result about the divisors of a d-gonal smooth
curve X that is not a plane curve (Since the genus of our smooth curve is 17, it is certainly not a
plane curve).
Lemma 4.3.5. If X is a d-gonal smooth curve that does not embed into P2, then
h0(D) < deg(D)− d+ 2
for any divisor effective divisor D of X with degD > d.
Proof. We can prove this by induction on the degree of D. If the degree of D is d+ 1, then we wish
to show h0(D) < 3. If h0(D) > 3, then for any point P ∈ X,
h0(D − P ) ≥ h0(D)− 1
> 2,
which contradicts the fact X is d-gonal. If h0(D) = 3, then for any P,Q ∈ X (possibly equal),
h0(D−P−Q) = 1 (if h0(D−P−Q) > 1, then again X is not d-gonal since deg(D−P−Q) = d−1). It
follows that the complete linear system given by D defines an embedding of X ↪→ P2. We conclude
X is a plane curve and this is a contradiction. Therefore the base case holds. For the inductive
step, if the statement holds for d + n, and D is divisor of degree d + n + 1, then pick any P ∈ X.
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Similarly,
h0(D) ≤ h0(D − P ) + 1
< deg(D − P )− d+ 2 + 1
= degD − d+ 2.
Now we will prove Claim 4.3.13.
Proof. Assume h0(D1 +D2 +D3 +D4) ≥ 13, then by the Riemann-Roch Theorem
13 ≤ h0(D1 +D2 +D3 +D4)
= h0(KX − (D1 +D2 +D3 +D4)) + 21 + d+ 1− 17
= h0((D1 +D2 + 2D3 + F )−D1 −D2 −D3 −D4) + 5 + d
= h0(D3 + F −D4) + 5 + d.
Therefore
h0(D3 + F −D4) ≥ 8− d. (4.12)
If d = 6, then deg(D3 + F − D4) = 11 − d = 5, (4.12) implies the gonality of X is 5 or lower,
contradiction.
If d = 5 or 4, then deg(D3 + F −D4) = 11− d, and Claim 4.3.13 gives
h0(D3 + F −D4) < 11− d− d+ 2 = 13− 2d.
Combining with (4.12) gives
8− d ≤ h0(D3 + F −D4) < 13− 2d,
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which cannot be satisfied for d = 5. Hence d = 4, and
h0(D3 + F −D4) = 4.
Now D3 +F −D4 is a degree 7 divisor with 4 sections. If h0(D3 +F −D4−P −Q) ≥ 3 for some
two points P,Q ∈ X, then the divisor D3 + F −D4 − P −Q violates the property given in Lemma
4.3.5. Therefore D3 + F − D4 is very ample and its global sections define a closed embedding of
X ↪→ P3. Therefore X is a degree 7 curve in P3 with genus 17. Castelnuovo’s bound ( stated in [5,
IV, Thm 6.4]) gives g < 14 (7
2 − 1)− 7 + 1 < 17, which is a contradiction.
Remark. Alternatively, find a suitable point P ∈ P3 to project X birationally to a plane curve of
degree 6.
To finish the proof that X is 7-gonal, it suffices to show that the bound h0(D1 +D2 +D3 +D4) <
13 is false. We will prove that the image of a general fiber in |D1| is not contained in a hyperplane
of P3 under pr23 : X → P1 × P1.
Claim 4.3.14. The image of D1 under
D1 X
P1 × P1 P3
pr2×pr3
is not contained in a hyperplane of P3 for a general choice of divisor D1.
Proof. Since X ↪→ S, and S is a type 2-2-2 surface, the pr23(D1) ⊂ P1 × P1 is contained in a
type 2-2 divisor of P1 × P1, and since S is smooth, a general fiber h1 is smooth and connected.
Therefore a hyperplane section of a general fiber of h1 contains only 4 points. But a general D1
has 7 points.
Claim 4.3.15. h0(D2 +D3) = 4 and h
0(D1 +D3) = 4.
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Proof. Theorem 3.1 guarantees h0(D2 + D3) ≥ 4. If h0(D2 + D3) ≥ 5, then by Claim 4.3.14 and
Lemma 3.1.2 ,
h0(D1 +D2 +D3)− h0(D2 +D3) ≥ 4,
and therefore
h0(D1 +D2 +D3) ≥ 9.
As D4, D1, D2 are pairwise independent, we have that the image of a general choice of divisor D4
in the g1d under
D4 X
P1 × P1 P3
pr1×pr2
has rank at least two in P3. Apply Lemma 3.1.3 to get that the image of
D4 X
P1 × P1 × P1 P7
pr1×pr2×pr3
has rank at least 3 in P7( for a general choice of D4 in the divisor class), and we get
h0(D1 +D2 +D3 +D4)− h0(D1 +D2 +D3) ≥ 4,
or h0(D1 +D2 +D3 +D4) ≥ 13, which contradicts Claim 4.3.13.
The exact same argument will also show that h0(D1 +D3) = 4.
By Riemann-Roch,
h0(D1 +D3 + F ) = h
0(KX −D1 −D3 − F ) + 18 + 1− 17 (4.13)
= h0(D2 +D3) + 2 (4.14)
= 6 (4.15)
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Claim 4.3.16. h0(D2 +D3 +D4) > 7 or h
0(D1 +D3 +D4) > 7.
Proof. Assume h0(D2 +D3 +D4) = h
0(D1 +D3 +D4) = 7. It follows from h
0(D2 +D3 +D4) = 7
that
h0(D2 +D3 −D4) = 1. (4.16)
To verify (4.16), note that from Claim 4.3.15 we have that
H0(D2)⊗H0(D3)→ H0(D2 +D3)
is an isomorphism. By Theorem 3.1, the only way that h0(D2 + D3 + D4) = 7 can occur is if the
image of a general fiber D4 under
D4 X
P1 × P1 P3
pr2×pr3
has rank 2. Consequently D2 + D3 −D4 is effective. If h0(D2 + D3 −D4) > 1 then the image of
D4 would have rank 1. Hence we obtain (4.16). From Riemann-Roch, we get
h0(D1 +D3 + F +D4) = h
0(D2 +D3 −D4) + deg(D1 +D3 + F +D4) + 1− 17
= 1 + 18 + d+ 1− 17
= 3 + d
≤ 9.
Therefore we conclude that
h0(D1 +D3 +D4 + F )− h0(D1 +D3 +D4) ≤ 2. (4.17)
Before we proceed, let us recall that the divisor D3 + F is the pullback of the divisor h3 + E
on S, which has been shown to be base-point free with h0(OS(h3 + E)) = 3 (Claim 4.3.6). Let
s1, s2, s3 ∈ H0(OS(h3 + E)) be a basis, and let ϕ : S → P2 be the morphism given by the linear
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system s1, s2, s3. Note that
(h3 + E)
2 = 2h3.E + E
2
= 2.
Therefore ϕ is generically finite of degree 2. Consequently ϕ|X maps X either birationally to its
image or two-to-one to its image. The linear system given by H0(D1) ⊗ H0(D3 + F ) ⊗ H0(D4)
defines a morphism
X
P1 × P2 × P1 P11
pr1×ϕ×f4
which maps X birationally to its image. By Lemma 3.1.1, the image of F in P11 is contained in
a line L in P11. From the condition in Definition 4.3.3, we have that pr1(F ) takes on three values
in P1. Therefore the image of F under pr1 × f4 : X → P1 × P1 consists of at least three distinct
points. By considering the diagram
P1 × P2 × P1 P11
X P1 × P1 P3,pr1×f4
we get that the image of F under
F X
P1 × P1 P3
pr1×f4
is contained in a line L′ ⊂ P3. Since the image of F in P3 consists of at least three points, the line
L′ cannot intersect the quadric P1 × P1 properly, and is consequently a line of the form P1 × pt.
Therefore we conclude that
D4 − F is effective. (4.18)
Moreover, equality must hold in (4.17), and we have degD4 = d = 6. However, (4.18) will produce
a contradiction, as the following lemma is true:
97
Lemma. If Y is a smooth curve with canonical divisor KY and a gonal divisor D of degree d, and
E is a divisor on Y of degree d− 2 such that D − E is effective, then KY − E is not very ample.
On the other hand, KX −F = D1 +D2 + 2D3 = D3 + (D1 +D2 +D3) is very ample, so we get
the contradiction as promised. Claim 4.3.16 follows.
By switching D1 and D2 if necessary, assume h
0(D2+D3+D4) 6= 7. We finally conclude that D4
does not exist by showing that h0(D1 +D2 +D3 +D4) ≥ 13. From Theorem 3.1, h0(D2 +D3 +D4)
is at least 7, therefore h0(D2 +D3 +D4) ≥ 8. The image of D1 under
D1 X
P1 × P1 × P1 P7
pr2×pr3×f4
is not contained in any linear subspace of dimension 3 because of Claim 4.3.14. As a result
h0(D1 +D2 +D3 +D4)− h0(D2 +D3 +D4) ≥ 5,
and consequently
h0(D1 +D2 +D3 +D4) ≥ h0(D2 +D3 +D4) + 5 ≥ 13.




In Definition 4.0.3, we defined the notion of a “visible” third gonal morphism from the product of
the first two gonal morphisms. Since there exists a 7-7-7 curve X ↪→ P1×P1×P1 which is contained
in a smooth type 2-2-2 surface of arithmetic genus 17, we see that the third gonal morphism (given
by pr3 : X → P1) will not be visible for the example given by our construction.
One could define a weaker notion of a “visible” third gonal morphism:
Definition 5.0.1. If X is a smooth curve with three independent morphisms f1, f2, f3 : X → P1 of
degree d, then we say that f3 : X → P1 is weakly visible from f1 × f2 : X → P1 × P1 if there exists
a dominant rational map ϕ : P1 × P1 99K P1 which induces f3 (ϕ restricted to image of f1 × f2(X)
is equivalent to f3 after lifting to normalization).
Our previous notion of a visible morphism is a special case of weakly visible morphism, where
the rational map ϕ : P1×P1 99K P1 that induces f is given by a pencil of type 1-1 curves of P1×P1.
We end this thesis with one final proposition:
Proposition 5.0.1. If X is a smooth curve with three independent morphisms f1, f2, f3 : X → P1
of degree d, then f3 is weakly visible from f1 × f2 : X → P1 × P1.
99
Proof. We claim there is an irreducible surface of type a-b-1 S which contains the image of X in
P1 × P1 × P1 under the product f1 × f2 × f3. This claim is sufficient since pr12 : S → P1 × P1 is a
birational morphism, so the rational map that induces f3 is given by
P1 × P1 S P1.pr3
Let C be the image of X in P1×P1×P1. Let IC be the ideal sheaf of C in P1×P1×P1. Therefore
we can identify
H0(IC ⊗OP1×P1×P1(a, b, c)) = {s ∈ OP1×P1×P1(a, b, c)|C ⊂ Z(s)}.
Let n be a positive integer, and consider the short exact sequence
0→ IC(n, n, 1)→ OP1×P1×P1(n, n, 1)→ OC(nD1 + nD2 +D3)→ 0,
where D1, D2, D3 are divisors for f1, f2, f3 that are supported on regular points of C. Therefore we
obtain
0→ H0(IC(n, n, 1))→ H0(OP1×P1×P1(n, n, 1))→ H0(OC(nD1 + nD2 +D3).
If H0(IC(n, n, 1)) = 0 for all n, then we have
h0(OC(nD1 + nD2 +D3)) ≥ h0(O(n, n, 1)) = 2(n+ 1)2. (5.1)
For sufficiently large n, and in particular for n = d− 1,
2(n+ 1)2 − 1 > 1
2





h1(OC(nD1 + nD3 +D3)) = 0.
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Consequently for n = d− 1, we have
h0(OC(nD1 + nD2 +D3)) = (2n+ 1)d+ 1− pa(C).
However,
h0(OP1×P1×P1(d− 1, d− 1, 1)) = 2d2
> 2d2 − d+ 1− pa(C)
= (2(d− 1) + 1))d+ 1− pa(C)
= h0(OC((d− 1)D1 + (d− 1)D2 +D3),
which contradicts (5.1). Therefore h0(IC(d − 1, d − 1, 1)) 6= 0. Let T be a type (d − 1, d − 1, 1)
divisor which contains C. Let S be any irreducible component of T that contains C. We check that
pr12 : S → P1 × P1 is dominant. If pr12(S) is one dimensional, then let C ′ be the image. We see
that S = C ′×P1. However C ′ is a type (d−1, d−1) curve, so it cannot contain the image pr12(C),
which is a type d-d curve. Therefore S is a type a-b-1 surface, where a, b ≤ d− 1, that contains C.
Remark. For the genus 17 curve that we constructed in the previous section, we can find a type
4 − 4 − 1 surface which contains that curve. This means that by choosing a pencil of type 4-4




[1] Abramovich, D. A Linear Lower Bound on the Gonality of Modular Curves. Internat. Math.
Res. Notices (1996), 10051011.
[2] Coppens, M. The Number of Linear Systems Computing Gonality. J. Korean Math. Soc. 37
(2000), No.3 pp. 437-454.
[3] Coppens, M. Smooth Curves Possessing A Small Number of Linear Systems Computing the
Gonality. Indag.Mathem., N.S. 10(2) (1999), 203-219.
https://www.sciencedirect.com/science/article/pii/S0019357799800172
[4] Fulton, W. Intersection Theory. Springer-Verlag, Second Edition (1998)
[5] Hartshorne, R. Algebraic Geometry. Springer-Verlag (1977)
[6] Kleiman, S and Martins, R. The Canonical Model of a Singular Curve. Geometriae Dedicata.
Vol.139 (2009), pp 139-166.
https://arxiv.org/pdf/0803.3337.pdf





[9] Tamagawa, A. Finiteness of Isomorphism Classes of Curves in Positive Characteristic with
Prescribed Fundamental Groups. . J. Algebraic Geom. 13 (2004), 675-724.
[10] Krishnamoorthy, R. Gonality Growth of Galois Covers.
http://math.columbia.edu/~raju/Papers/gonality better.pdf
102
